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FDQ�LPSURYH�RQ�WKH�HVWLPDWLRQ�RI�D�VXUYLYDO�IXQFWLRQ��+RZHYHU��WKH�WUDGLWLRQDO�VXUYLYDO
IRUHVWV³FRQGLWLRQDO�LQIHUHQFH�IRUHVW��UHODWLYH�ULVN�IRUHVW�DQG�UDQGRP�VXUYLYDO�IRUHVW³
KDYH� DFFRPPRGDWHG� RQO\� WLPH�LQYDULDQW� FRYDULDWHV�� :H� JHQHUDOL]H� WKH� FRQGLWLRQDO
LQIHUHQFH�DQG�UHODWLYH�ULVN�IRUHVWV�WR�DOORZ�WLPH�YDU\LQJ�FRYDULDWHV��:H�DOVR�SURSRVH�D
JHQHUDO� IUDPHZRUN� IRU� HVWLPDWLRQ� RI� D� VXUYLYDO� IXQFWLRQ� LQ� WKH� SUHVHQFH� RI� WLPH�
YDU\LQJ� FRYDULDWHV��:H� FRPSDUH� WKHLU� SHUIRUPDQFH�ZLWK� WKDW� RI� WKH�&R[�PRGHO� DQG
WUDQVIRUPDWLRQ�IRUHVW��DGDSWHG�KHUH�WR�DFFRPPRGDWH�WLPH�YDU\LQJ�FRYDULDWHV��WKURXJK
D� FRPSUHKHQVLYH� VLPXODWLRQ� VWXG\� LQ� ZKLFK� WKH� .DSODQ�0HLHU� HVWLPDWH� VHUYHV� DV� D
EHQFKPDUN��DQG�SHUIRUPDQFH�LV�FRPSDUHG�XVLQJ�WKH�LQWHJUDWHG� �GLIIHUHQFH�EHWZHHQ
WKH� WUXH� DQG� HVWLPDWHG� VXUYLYDO� IXQFWLRQV�� ,Q� JHQHUDO�� WKH� SHUIRUPDQFH� RI� WKH� WZR
SURSRVHG�IRUHVWV�VXEVWDQWLDOO\� LPSURYHV�RYHU� WKH�.DSODQ�0HLHU�HVWLPDWH��7DNLQJ�LQWR
DFFRXQW� DOO� RWKHU� IDFWRUV�� XQGHU� WKH� SURSRUWLRQDO� KD]DUG� VHWWLQJ�� WKH� EHVW�PHWKRG� LV
DOZD\V� RQH� RI� WKH� WZR� SURSRVHG� IRUHVWV�� ZKLOH� XQGHU� WKH� QRQ�SURSRUWLRQDO� KD]DUG
VHWWLQJ��LW�LV�WKH�DGDSWHG�WUDQVIRUPDWLRQ�IRUHVW�� �IROG�FURVV�YDOLGDWLRQ�LV�XVHG�DV�DQ
HIIHFWLYH�WRRO�WR�FKRRVH�EHWZHHQ�WKH�PHWKRGV�LQ�SUDFWLFH�

.H\ZRUGV
6XUYLYDO�IRUHVWV��WLPH�YDU\LQJ�FRYDULDWHV��VXUYLYDO�FXUYH�HVWLPDWH��G\QDPLF
HVWLPDWLRQ��OHIW�WUXQFDWHG�ULJKW�FHQVRUHG�VXUYLYDO�GDWD
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��,QWURGXFWLRQ

0HWKRGRORJ\� IRU� VXUYLYDO� GDWD� RIWHQ� DVVXPHV� WKDW� FRYDULDWH� LQIRUPDWLRQ� LV� WLPH�
LQYDULDQW�� WKDW�LV��RQO\�YDOXHV�PHDVXUHG�DW�WLPH���DUH�XVHG��,Q�WKLV�VLWXDWLRQ��VXUYLYDO
DQDO\VLV�PRGHOV� FDQ�SURYLGH�DQ�HVWLPDWH�RI� WKH� VXUYLYDO� IXQFWLRQ� �WKH�SUREDELOLW\�RI
VXUYLYLQJ�SDVW�WLPH� �� IRU�D�VXEJURXS�RI� WKH�SRSXODWLRQ��L�H��D�VXESRSXODWLRQ��ZLWK�D
VSHFLÀF� VHW� RI� YDOXHV� IRU� WKH� FRYDULDWHV�� 7LPH�YDU\LQJ� FRYDULDWHV�� KRZHYHU�� DUH
FRPPRQ� LQ�SUDFWLFH� DQG�SOD\� DQ� LPSRUWDQW� UROH� LQ� WKH� DQDO\VLV�RI� FHQVRUHG� WLPH�WR�
HYHQW� GDWD�� )RU� H[DPSOH�� LQ� D� VWXG\�RI� WKH� HIIHFW� RI� KHDUW� WUDQVSODQW� RQ� VXUYLYDO� IRU
KHDUW�SDWLHQWV��WKH�RFFXUUHQFH�RI�D�WUDQVSODQW�FDQ�EH�PRGHOHG�DV�D�WLPH�YDU\LQJ�ELQDU\
FRYDULDWH���DQG�LQ�D�VWXG\�RI�WKH�HIIHFW�RI� �7�FHOO�FRXQWV�RQ�WKH�RFFXUUHQFH�RI
$,'6�RU�GHDWK� IRU�+,9�LQIHFWHG�SDWLHQWV�� WKH� FHOO� FRXQW�ZDV�XVHG�DV� D� WLPH�YDU\LQJ
QXPHULFDO�FRYDULDWH��PHDVXUHG�ORQJLWXGLQDOO\���7KH�&R[�SURSRUWLRQDO�KD]DUGV�PRGHO�

KDV�D� ORQJ�KLVWRU\�RI�EHLQJ�XVHG� WR�PRGHO�DQG�DQDO\]H�FHQVRUHG�VXUYLYDO�GDWD��$V�D
VHPL�SDUDPHWULF� PRGHO�� LW� DVVXPHV� WKDW� WKH� WLPH�LQYDULDQW� FRYDULDWHV� KDYH� D
SURSRUWLRQDO�HIIHFW�RQ�WKH�KD]DUG�IXQFWLRQ��7KH�&R[�PRGHO�ZDV�H[WHQGHG�WR�ÀW�WLPH�
YDU\LQJ� FRYDULDWHV� XVLQJ� D� FRXQWLQJ� SURFHVV� IRUPXODWLRQ� DV� IROORZV��� &RQVLGHU
FRQWLQXRXV�WLPH�VXUYLYDO�GDWD�ZLWK� WLPH�YDU\LQJ�FRYDULDWHV��ZKHUH�HDFK�VXEMHFW�PD\
KDYH� PXOWLSOH� UHFRUGV� RI� PHDVXUHPHQWV� RI� ULVN� IDFWRUV� DW� PXOWLSOH� WLPH� SRLQWV�� ,Q
SUDFWLFH�� DV� WKH� VXEMHFWV� DUH� REVHUYHG� LQWHUPLWWHQWO\�� WKH� WLPH�YDU\LQJ� FRYDULDWHV� DUH
DVVXPHG�FRQVWDQW�EHWZHHQ�REVHUYDWLRQ�WLPHV��2QH�FDQ�WKHQ�UHIRUPDW�WKH�GDWD�VWUXFWXUH
XVLQJ� WKH�FRXQWLQJ�SURFHVV�DSSURDFK�E\�ZKLFK�D�GDWD� UHFRUG�RI�D�VXEMHFW�EHFRPHV�D
OLVW�RI�SVHXGR�VXEMHFWV��WKDW�DUH�WUHDWHG�DV�EHLQJ�LQGHSHQGHQW��OHIW�WUXQFDWHG�DQG�ULJKW�
FHQVRUHG�REVHUYDWLRQV�

,W� LV� LPSRUWDQW� WR� UHFRJQL]H� WKDW� VXUYLYDO� UHJUHVVLRQ� PRGHOV�� OLNH� DOO� UHJUHVVLRQ
PRGHOV��FDQ�EH�XVHG�IRU�WKH�WZR�GLVWLQFW�SXUSRVHV�RI�HVWLPDWLRQ�DQG�SUHGLFWLRQ��7KHVH
WZR� SXUSRVHV�� ZKLOH� UHODWHG� �SUHGLFWLRQ� DOPRVW� DOZD\V� LQYROYHV� HVWLPDWLRQ� RI� VRPH
NLQG�DV�D�ÀUVW�VWHS���DUH�GLVWLQFWO\�GLIIHUHQW�IURP�HDFK�RWKHU��3UHGLFWLRQ�LV�PHDQLQJIXO
DW�WKH�OHYHO�RI�DQ�LQGLYLGXDO��,Q�WKH�FRQWH[W�RI�VXUYLYDO�GDWD��WKLV�ZRXOG�FRUUHVSRQG�WR
DQ�HVWLPDWHG�VXUYLYDO�IXQFWLRQ�IRU�D�SDUWLFXODU�LQGLYLGXDO��)RU�VXFK�DQ�LQGLYLGXDO��LI�D
FKDQJH� LQ� WKH� YDOXH� RI� D� FRYDULDWH� DW� WLPH� � FDQ� SRWHQWLDOO\� LPSDFW� WKH� IXWXUH
SUREDELOLWLHV� RI� VXUYLYDO� RI� WKDW� LQGLYLGXDO�� WKHQ� WKH� HVWLPDWHG� VXUYLYDO� IXQFWLRQ� IRU

�+(&�0RQWUpDO��0RQWUpDO��4XpEHF��&$

&RUUHVSRQGLQJ�DXWKRU�V��
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WKDW�LQGLYLGXDO�PXVW�EH���IRU�DQ\�WLPH� ��VLQFH�WKH�FRYDULDWH�FRXOGQ·W�LPSDFW�WKH
IXWXUH�SUREDELOLWLHV�RI�VXUYLYDO�XQOHVV�WKH�LQGLYLGXDO�ZDV�DOLYH�DW�WKDW�WLPH���$�UHODWHG
SRLQW�LV�WKH�H[LVWHQFH�RI�VR�FDOOHG�LQWHUQDO�FRYDULDWHV��LQ�ZKLFK�D�YDULDEOH��H�J��EORRG
SUHVVXUH��FDQ�RQO\�EH�PHDVXUHG�ZKHQ�DQ� LQGLYLGXDO� LV�DOLYH��PHDQLQJ� WKDW� WKH�DFW�RI
PHDVXULQJ� WKH� FRYDULDWH� LPSOLHV� WKDW� WKH� VXUYLYDO� IXQFWLRQ� YDOXH� IRU� WKDW� LQGLYLGXDO
PXVW�HTXDO����7KHVH�IDFWV��DQG�WKHLU�LPSOLFDWLRQV�IRU�SUHGLFWLRQ��DUH�ZHOO�NQRZQ��DQG
DUH� WKH� UHDVRQ� IRU� WKH� SURPLQHQFH� RI� MRLQW�PRGHOLQJ�PHWKRGV�� LQ� WKH� SUHGLFWLRQ� RI
VXUYLYDO�GDWD�ZLWK�WLPH�YDU\LQJ�FRYDULDWHV�

7KH� IRFXV� RI� WKLV� SDSHU�� KRZHYHU�� LV� H[FOXVLYHO\� RQ� HVWLPDWLRQ�� UDWKHU� WKDQ
SUHGLFWLRQ�� 7KH� JRDO� KHUH� LV� QRW� SUHGLFWLRQ� RI� DQ� LQGLYLGXDO·V� VXUYLYDO� IXQFWLRQ�� EXW
UDWKHU�HVWLPDWLRQ�RI�D�SRSXODWLRQ�OHYHO�VXUYLYDO�IXQFWLRQ��7KLV�LV�DQ�LPSRUWDQW�SUREOHP
LQ�DQ\�VLWXDWLRQ�WKDW�LQYROYHV�VWUDWHJLF�GHFLVLRQ�PDNLQJ��VXFK�DV�SXEOLF�KHDOWK�SROLF\
RU�EXVLQHVV�RSHUDWLRQV�DQG�SODQQLQJ��&LYLF�SROLF\PDNHUV�DUH�LQWHUHVWHG�LQ�GHYHORSLQJ
VWUDWHJLHV� WKDW� FKDQJH� RYHU� WLPH�� LQ� UHVSRQVH� WR� FKDQJLQJ� FRQGLWLRQV�� WKLV� GRHV� QRW
LQYROYH� SUHGLFWLRQ� DW� WKH� LQGLYLGXDO� OHYHO�� EXW� UDWKHU� HVWLPDWLRQ� RI� SRSXODWLRQ
SUREDELOLWLHV�� 6XFK� HVWLPDWLRQ� FDQ� DQVZHU� ´ZKDW� LIµ� TXHVWLRQV�� LQ� RUGHU� WR� HLWKHU� EH
SUHSDUHG�IRU�ZKDW�PLJKW�KDSSHQ��RU� WR� WU\� WR�FRQWURO�ZKDW�ZLOO�KDSSHQ��5HFRJQL]LQJ
WKDW�YDULRXV�DVSHFWV�RI�VRFLHW\�FDQ�FKDQJH��LW�FDQ�DOVR�H[DPLQH�ZKDW�WKH�HIIHFWV�RI�VXFK
FKDQJHV�PLJKW�EH��([DPSOHV�RI�WKLV�FRXOG�LQFOXGH�PRGHOLQJ�WKH�LQFLGHQFH�RI�&29,'�
��� LQIHFWLRQ� LQ� WKH�SRSXODWLRQ�DV�YDFFLQDWLRQ�DQG� WHVWLQJ� UDWHV�FKDQJH��RU�HVWLPDWLQJ
ZKDW�SURSRUWLRQ�RI�GHOLYHULHV�ZLOO�EH�PDGH�E\�&KULVWPDV�DV�YDULRXV�FKDUDFWHULVWLFV�RI
WKH� VXSSO\� FKDLQ� FKDQJH�� 7KHVH� SUREOHPV� DUH� IXQGDPHQWDOO\� GLIIHUHQW� IURP� WKH
SUREOHP�RI�PDNLQJ�D�SUHGLFWLRQ�IRU�D�SDUWLFXODU�LQGLYLGXDO��DQG�LVVXHV�UHODWHG�WR�MRLQW
PRGHOLQJ� DQG� WKH�GLVWLQFWLRQ�EHWZHHQ� LQWHUQDO� DQG� H[WHUQDO� FRYDULDWHV� DUH�QR� ORQJHU
UHOHYDQW�

:KHQ� WLPH�YDU\LQJ� FRYDULDWHV� DUH� DYDLODEOH�� LW� LV� LPSRUWDQW� WR� XVH� WKH� XSGDWHG
FRYDULDWH� YDOXHV� WR� G\QDPLFDOO\� DGMXVW� WKH� HVWLPDWHG� VXUYLYDO� IXQFWLRQ�� :H� XVH� D
VLPSOH�K\SRWKHWLFDO�H[DPSOH�WR�À[�LGHDV�DQG�LOOXVWUDWH� WKH�PHFKDQLFV�RI� WKH�VXUYLYDO
IXQFWLRQ�DGMXVWPHQW��&RQVLGHU�WKH�IROORZLQJ�VLPSOH�H[DPSOH��EDVHG�RQ�WKH�&29,'���
SUREOHP� QRWHG� HDUOLHU�� 7KH� WLPH�WR�HYHQW� LV� WKH� WLPH� WR� D� SRVLWLYH�&29,'� WHVW�� DQG
WKHUH� LV� D� WLPH�YDU\LQJ� FRYDULDWH� � WKDW� GHVFULEHV� WKH� YDFFLQDWLRQ� VWDWXV� RI� D
VXEMHFW�� DVVXPLQJ� D� WZR�VKRW� YDFFLQH� �XQYDFFLQDWHG�� YDFFLQDWHG� ZLWK� RQH� GRVH�
YDFFLQDWHG�ZLWK�WZR�GRVHV��YDFFLQDWHG�ZLWK�WZR�GRVHV�DQG�D�ERRVWHU���6WDUWLQJ�ZLWK�D
VDPSOH�RI�XQYDFFLQDWHG�DQG�&29,'�IUHH�VXEMHFWV��WKH�FKDQJHV�RI� �GHÀQH�GLVWLQFW
VXEJURXSV� RI� WKH� VDPSOH� �DQG� KHQFH� WKH� SRSXODWLRQ��� (VWLPDWLRQ� RI� WKH� SRSXODWLRQ
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VXUYLYDO� IXQFWLRQ� IRU� VXEMHFWV� ZKR� KDYH� JRWWHQ� RQH� GRVH� RI� WKH� YDFFLQH� ZRXOG� EH
EDVHG�RQO\�RQ�WKRVH�VXEMHFWV�ZKR�VXUYLYHG�WR�JHW�WKDW�GRVH��EXW�WKH�RYHUDOO�SRSXODWLRQ
VXUYLYDO� IXQFWLRQ� HVWLPDWH�ZRXOG� KDYH� WR� EH� DGMXVWHG� WR� DFFRXQW� IRU� WKH� SUREDELOLW\
WKDW�XQYDFFLQDWHG�VXEMHFWV�GLG�QRW�VXUYLYH�WR� WKDW� WLPH��7KLV�VDPH�DGMXVWPHQW�ZRXOG
EH�DSSOLHG�DW� WKH�RWKHU� WLPHV� WKDW�YDFFLQDWLRQ� VWDWXV�FKDQJHV�� UHVXOWLQJ� LQ�D� VXUYLYDO
IXQFWLRQ�HVWLPDWH�WKDW�LV�DSSURSULDWH�IRU�DOO�PHPEHUV�RI�WKH�SRSXODWLRQ�ZKR�IROORZHG
WKH�VSHFLÀHG�WHPSRUDO�YDFFLQDWLRQ�SDWWHUQ��,Q�WKH�QH[W�VHFWLRQ�ZH�GHVFULEH�KRZ�VXFK�D
VXUYLYDO� IXQFWLRQ� HVWLPDWH� FDQ� EH� FRQVWUXFWHG�� DQG� LQ�$SSHQGL[�$�ZH� LOOXVWUDWH� WKH
GHWDLOHG� FDOFXODWLRQV� RI� WKH� G\QDPLFDOO\� DGMXVWHG� VXUYLYDO� IXQFWLRQ� IRU� WKLV� VLPSOH
H[DPSOH�

7KH� &R[� SURSRUWLRQDO� KD]DUGV� PRGHO� ZLWK� WLPH�YDU\LQJ� FRYDULDWHV�� KHUHDIWHU
UHIHUUHG� WR� DV� WKH� H[WHQGHG� &R[� PRGHO�� UHOLHV� RQ� UHVWULFWLYH� DVVXPSWLRQV� VXFK� DV
SURSRUWLRQDO� KD]DUGV� DQG� D� ORJ�OLQHDU� UHODWLRQVKLS� EHWZHHQ� WKH� KD]DUG� IXQFWLRQ� DQG
FRYDULDWHV��7UHH�EDVHG�PHWKRGV�DQG�WKHLU�HQVHPEOHV��ZKLFK�DUH�XVHIXO�QRQ�SDUDPHWULF
DOWHUQDWLYHV�WR�WKH�H[WHQGHG�&R[�PRGHO��DOVR�FDQ�LQFRUSRUDWH�WLPH�YDU\LQJ�FRYDULDWHV�
5HFHQWO\��WZR�W\SHV�RI�VXUYLYDO�WUHHV�ZHUH�SURSRVHG�DV�H[WHQVLRQV�RI�WKH�UHODWLYH�ULVN
WUHH�� DQG� RI� WKH� FRQGLWLRQDO� LQIHUHQFH� WUHH��� UHVSHFWLYHO\�� WR� OHIW�WUXQFDWHG� ULJKW�
FHQVRUHG� �/75&�� GDWD�� UHIHUUHG� WR� DV� /75&� WUHHV��� 7KH� SURSRVHG� /75&� WUHH
DOJRULWKPV�DOORZ�IRU�WLPH�YDU\LQJ�FRYDULDWH�GDWD�DIWHU�WKH�GDWD�VWUXFWXUH�LV�UHIRUPDWWHG
XVLQJ� WKH� FRXQWLQJ� SURFHVV� DSSURDFK�� $QRWKHU� WUHH�EDVHG� PHWKRG� WKDW� FDQ� KDQGOH
/75&�VXUYLYDO�GDWD�DQG�WKHUHIRUH�SRWHQWLDOO\�EH�DSSOLHG�WR�WLPH�YDU\LQJ�FRYDULDWH�GDWD
LV� WKH� QRYHO� ´WUDQVIRUPDWLRQ� WUHH�µ� DQG� WKH� FRUUHVSRQGLQJ� HQVHPEOH� LV� WKH
´WUDQVIRUPDWLRQ�IRUHVW�µ��7KHVH� WZR� DOJRULWKPV� DUH� EDVHG�RQ� D� SDUDPHWULF� IDPLO\�RI
GLVWULEXWLRQV� FKDUDFWHUL]HG� E\� WKHLU� WUDQVIRUPDWLRQ� IXQFWLRQ� DQG� GHYHORSHG� WR� GHWHFW
GLVWULEXWLRQDO� DOWHUQDWLYHV� WR�SURSRUWLRQDO�KD]DUGV� �3+���1RQH�RI� WKH� DERYH�PHWKRGV
KDYH�FRQVLGHUHG�WKH�HVWLPDWLRQ�RI�WKH�VXUYLYDO�IXQFWLRQ��6LPLODUO\��UHFHQWO\�GHYHORSHG
PHWKRGV� IRU� KD]DUG� IXQFWLRQ� HVWLPDWLRQ� LQ� WKH� SUHVHQFH� RI� WLPH�YDU\LQJ� FRYDULDWHV
KDYHQ·W� GHDOW� ZLWK� VXUYLYDO� IXQFWLRQ� HVWLPDWLRQ� LQ� JHQHUDO������� 7KHUH� H[LVW� RWKHU
VXUYLYDO�WUHHV�DQG�IRUHVW�PHWKRGV�WKDW�FDQ�KDQGOH�WLPH�YDU\LQJ�FRYDULDWH�GDWD��EXW�RQO\
IRU�GLVFUHWH�WLPH�VXUYLYDO�GDWD���²��� ,Q� WKLV�SDSHU��ZH� IRFXV�RQ� IRUHVW�DOJRULWKPV� IRU
G\QDPLF� HVWLPDWLRQ� RI� WKH� VXUYLYDO� IXQFWLRQ� IRU� FRQWLQXRXV�WLPH� VXUYLYDO� GDWD�
(QVHPEOH� PHWKRGV� OLNH� IRUHVW� DOJRULWKPV� DUH� NQRZQ� WR� SUHVHUYH� ORZ� ELDV� ZKLOH
UHGXFLQJ� YDULDQFH� DQG� WKHUHIRUH� FDQ� VXEVWDQWLDOO\� LPSURYH� SUHGLFWLRQ� DFFXUDF\�
FRPSDUHG�WR�WUHH�DOJRULWKPV����7KH�PRVW�ZHOO�NQRZQ�HQVHPEOH�PHWKRGV�IRU�VXUYLYDO
DQDO\VLV� DUH� SHUKDSV� WKH� UHODWLYH� ULVN� IRUHVW���� UDQGRP� VXUYLYDO� IRUHVW��� DQG
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FRQGLWLRQDO� LQIHUHQFH� IRUHVW���� 7KHVH� IRUHVW� PHWKRGV� SURYLGH� HVWLPDWHV� RI� VXUYLYDO
IXQFWLRQV��EXW�RQO\�IRU�ULJKW�FHQVRUHG�VXUYLYDO�GDWD�ZLWK�WLPH�LQYDULDQW�FRYDULDWHV��:H
SURSRVH� WR� H[WHQG� WKH� UHODWLYH� ULVN� DQG� FRQGLWLRQDO� LQIHUHQFH� IRUHVWV�� DV�ZHOO� DV� WKH
WUDQVIRUPDWLRQ� IRUHVW�� WR� DOORZ� WLPH�YDU\LQJ� �79�� FRYDULDWHV�� :H� UHIHU� WR� WKHP� DV
55)�79��&,)�79��DQG�76)�79��UHVSHFWLYHO\�

7KH�SURSRVHG�PHWKRGV�E\�GHVLJQ�FDQ�KDQGOH�VXUYLYDO�GDWD�ZLWK�DOO�FRPELQDWLRQV�RI
OHIW�WUXQFDWLRQ� DQG� ULJKW�FHQVRULQJ� LQ� WKH� VXUYLYDO� RXWFRPH�� DQG� ZLWK� ERWK� WLPH�
LQYDULDQW� DQG� WLPH�YDU\LQJ� FRYDULDWHV�� ,Q� WKLV�SDSHU��ZH� IRFXV�RQ� VXUYLYDO� GDWD�ZLWK
WLPH�YDU\LQJ� FRYDULDWHV�� 6LPLODU� DQDO\VLV� IRU� /75&� GDWD� ZLWK� WLPH�LQYDULDQW
FRYDULDWHV�LV�SURYLGHG�LQ�6HFWLRQ�6��LQ�WKH�6XSSOHPHQWDO�0DWHULDO�

��3URSRVHG�IRUHVWV�IRU�WLPH�YDU\LQJ�FRYDULDWH�GDWD

$VVXPH� � FRYDULDWHV� � DUH� DYDLODEOH�� VRPH� RI�ZKLFK� DUH�79
FRYDULDWHV�DQG�WKH�RWKHUV�DUH�WLPH�LQYDULDQW��7,���)RU�H[DPSOH��DVVXPH� �LV�WKH�RQO\
WLPH�LQYDULDQW� FRYDULDWH� DPRQJ� DOO� � FRYDULDWHV�� WKHQ� DW� WLPH� ��

�� )RU� HDVH� RI� H[SRVLWLRQ�� ZH� ZULWH�
� ZLWK� � IRU� DOO� �� 2EVHUYDWLRQV� DUH

REWDLQHG�IURP� �VXEMHFWV��1RWH�WKDW�WKH�VXEMHFWV�DUH�REVHUYHG�RQO\�LQWHUPLWWHQWO\��IRU
H[DPSOH�� � WLPHV� IRU� VXEMHFW� �� LQLWLDOO\� REVHUYHG� DW� �� DQG� WKHQ� DW� ��

�� IRU� IROORZ�XS� YLVLWV�� ZLWK� FRUUHVSRQGLQJ� REVHUYHG� YDOXHV�
��/HW� �GHQRWH� ��WKH�PLQLPXP�YDOXH

RI� WKH� WUXH� VXUYLYDO� WLPH� � DQG� FHQVRULQJ� WLPH� ��:H�DVVXPH�QRQ�LQIRUPDWLYH
FHQVRULQJ�FRQGLWLRQDO�RQ�WKH�FRYDULDWHV��'HQRWH� ��ZKLFK�LQGLFDWHV
ZKHWKHU�D�VXEMHFW�H[SHULHQFHG�DQ�HYHQW� � ��RU�ZDV�ULJKW�FHQVRUHG�� ��� ,I�

��WKHQ�ZH�VD\�WKH�VXUYLYDO�WLPH�LV�OHIW�WUXQFDWHG��7KH�RXWFRPH�RI�LQWHUHVW�LV�WKH
WLPH�WR�WKH�HYHQW�

$W�DQ\�WLPH� ��OHW� �GHQRWH�DQ�DUELWUDU\�VHW�RI�WLPH�YDOXHV�XS�WR�WLPH� ��WKDW�LV��
��,W�FRXOG�EH�D�ÀQLWH�QXPEHU�RI�WLPH�SRLQWV��D�ÀQLWH�QXPEHU�RI�LQWHUYDOV�

RU�D�GLVMRLQW�VHW�RI�WLPH�LQWHUYDOV�DQG�RU�WLPH�SRLQWV��*LYHQ�WKH�KLVWRULFDO�GDWD�IRU�
VXEMHFWV� REVHUYHG� XS� WR� WKH� GHDWK� RU� FHQVRULQJ� WLPH�� WKH� JRDO� LV� WR� HVWLPDWH� WKH
FRQGLWLRQDO� VXUYLYDO� IXQFWLRQ� � ZKHUH�

� LV� D� SDUWLFXODU� VWUHDP� RI� FRYDULDWH� YDOXHV�� 7KLV� WUXH� VXUYLYDO
IXQFWLRQ� LV� GHÀQHG� DV� WKH� SRSXODWLRQ� SURSRUWLRQ� RI� VXEMHFWV�ZKR� KDYH� WKH� VSHFLÀHG
FRYDULDWH� YDOXHV� DW� WKH� VSHFLÀHG� WLPHV� XS� WR� HLWKHU� WLPH� � RU� WKHLU� HYHQW� WLPH
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�ZKLFKHYHU�FRPHV�ÀUVW��WKDW�DUH�DOLYH�DW�WLPH� ��1RWH�WKDW�WKH�SRSXODWLRQ�LQFOXGHV�DOO
VXEMHFWV� IRU�ZKRP� WKH� VSHFLÀHG� FRQGLWLRQV� KROG� XS� XQWLO� WKHLU� WLPH� RI� HYHQW� LI� WKDW
RFFXUV�EHIRUH�WKH�HYDOXDWLRQ�WLPH� ��HYHQ�LI�WKH�FRQGLWLRQV�GR�QRW�KROG�DIWHU�WKH�WLPH�RI
HYHQW��7KLV�LV�WUXH�LI�PHDVXUHPHQW�RI�WKH�FRYDULDWH�LV�QR�ORQJHU�PHDQLQJIXO�DIWHU�WKH
HYHQW� RFFXUV� �DV�PLJKW� EH� WKH� FDVH� IRU� D� VR�FDOOHG� LQWHUQDO� FRYDULDWH�� VXFK� DV� EORRG
SUHVVXUH���RU�LW�LV�PHDQLQJIXO�DQG�DYDLODEOH�EXW�QR�ORQJHU�VDWLVÀHV�WKH�FRQGLWLRQV��D�VR�
FDOOHG�H[WHUQDO�FRYDULDWH��VXFK�DV�SROOXWDQW�OHYHO���7KH�UHDVRQ�LV�WKDW�WKH�LQÁXHQFH�RI
WKH�FRYDULDWH�RQ�VXUYLYDO�LQ�HLWKHU�FDVH�LV�LUUHOHYDQW�IRU�D�VXEMHFW�IRU�ZKRP�WKH�HYHQW
KDV�RFFXUUHG�

7KH�SURSRVHG�IRUHVW�PHWKRGV�SURYLGH�WKH�VXUYLYDO�IXQFWLRQ�HVWLPDWH�E\�IROORZLQJ
WKUHH� VWHSV�� )LUVW�� ZH� DGRSW� WKH� FRXQWLQJ� SURFHVV� DSSURDFK� WR� UHIRUPDW� WKH� GDWD
VWUXFWXUH�� 7KLV� DSSURDFK� DVVXPHV� WKDW� WKH� WLPH�YDU\LQJ� FRYDULDWHV� DUH� FRQVWDQW
EHWZHHQ�WKH�REVHUYHG�WLPH�SRLQWV��WKDW�LV�

,W� WKHQ� VSOLWV� WKH� �WK� VXEMHFW� REVHUYDWLRQ� LQWR� � SVHXGR�VXEMHFW� REVHUYDWLRQV��
� ZLWK� /75&� WLPHV� �� �� DQG� HYHQW� LQGLFDWRU�

�� �� 7KH� PXOWLSOH� UHFRUGV� IURP�
VXEMHFWV�QRZ�EHFRPH�D�OLVW�RI�SVHXGR�VXEMHFWV�

7KH�VHW�RI�SVHXGR�VXEMHFWV�LV�WUHDWHG�DV�LI�WKH\�ZHUH�LQGHSHQGHQW�LQ�WKH�IROORZLQJ�IRUP

���

ZKHUH� �LV�WKH�YHFWRU�RI�WKH�REVHUYHG�YDOXHV�RI� �FRYDULDWHV�IURP
WKH� �WK� SVHXGR�VXEMHFWV� LQ� WKH� UHIRUPDWWHG� GDWDVHW�� 7KH� VHFRQG� VWHS� LV� WR� DSSO\� WKH
IRUHVW�DOJRULWKPV�RQ�WKH�UHIRUPDWWHG�GDWDVHW�JLYHQ�LQ������WR�ÀW�D�PRGHO��)LQDOO\��LQ�WKH
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WKLUG�VWHS��JLYHQ�D�SDUWLFXODU�VWUHDP�RI�FRYDULDWH�YDOXHV� �DW�WKH�FRUUHVSRQGLQJ�WLPH
YDOXHV� �� �� D� VXUYLYDO� IXQFWLRQ� HVWLPDWH� LV� FRQVWUXFWHG� EDVHG� RQ� WKH
RXWSXWV� RI� WKH� SURSRVHG� IRUHVW� DOJRULWKPV�� 0RUH� VSHFLÀFDOO\�� DW� DQ\� WLPH� �� ZLWK�

�GHQRWLQJ�WKH�FRYDULDWH�LQIRUPDWLRQ�XS�WR�WLPH� �

���

ZH�FRPSXWH�WKH�HVWLPDWHG�VXUYLYDO�SUREDELOLW\� �

����([WHQGLQJ�ULJKW�FHQVRUHG�7,�VXUYLYDO�IRUHVWV�WR�WKH�SURSRVHG�79�IRUHVWV

7KH� FRQGLWLRQDO� LQIHUHQFH� IRUHVW� DQG� WKH� UHODWLYH� ULVN� IRUHVW� DUH� ERWK� WUHH�EDVHG
HQVHPEOH�PHWKRGV�� ZKHUH� � LQGLYLGXDO� WUHHV� DUH� JURZQ� IURP� � ERRWVWUDS� VDPSOHV
GUDZQ� IURP� WKH� RULJLQDO� GDWD�� 5DQGRPQHVV� LV� LQGXFHG� LQWR� HDFK� QRGH� RI� HDFK
LQGLYLGXDO� WUHH�ZKHQ�VHOHFWLQJ�D�YDULDEOH� WR� VSOLW�RQ��2QO\�D� UDQGRP�VXEVHW� �RI� WKH
WRWDO� �FRYDULDWHV�LV�FRQVLGHUHG�IRU�VSOLWWLQJ�DW�HDFK�QRGH��7KH�QRGH�LV�WKHQ�VSOLW�XVLQJ
WKH� FDQGLGDWH� FRYDULDWHV� EDVHG� RQ� GLIIHUHQW� FULWHULD� IRU� GLIIHUHQW� IRUHVW�PHWKRGV�� 7R
H[WHQG� WKH� WZR� IRUHVW� PHWKRGV� IRU� ULJKW�FHQVRUHG� VXUYLYDO� GDWD� ZLWK� WLPH�LQYDULDQW
FRYDULDWHV� WR� WKH� IRUHVWV� IRU� �OHIW�WUXQFDWHG�� ULJKW�FHQVRUHG� VXUYLYDO� GDWD� ZLWK� WLPH�
YDU\LQJ�FRYDULDWHV��WKH�VSOLWWLQJ�FULWHULD�DUH�PRGLÀHG�

������5HFXUVLYH�SDUWLWLRQLQJ�LQ�WKH�SURSRVHG�&,)�79�IRUHVW� &RQVLGHU�ULJKW�FHQVRUHG
VXUYLYDO� WLPH� GDWD� RI� WKH� IRUP� �� ZLWK� VXUYLYDO�FHQVRUHG� WLPH� �� HYHQW
LQGLFDWRU� �� �GHQRWHV�WKH�VXUYLYDO�WLPH�LI� ��RU�FHQVRUHG�WLPH�LI� ���DQG�
WLPH�LQYDULDQW�FRYDULDWHV� ��,Q�HDFK�QRGH��WKH�UHFXUVLYH�SDUWLWLRQLQJ
LQ� WKH� FRQGLWLRQDO� LQIHUHQFH� IRUHVW� DOJRULWKP� LV� EDVHG� RQ� D� WHVW� RI� WKH� JOREDO� QXOO
K\SRWKHVLV�RI�LQGHSHQGHQFH�EHWZHHQ�WKH�UHVSRQVH�YDULDEOH�LQ�WKH�ULJKW�FHQVRUHG�FDVH�

� DQG� DQ\� RI� WKH� FRYDULDWHV� LQ� WKH� UDQGRP� VXEVHW� �� ,W� LV� IRUPXODWHG� LQ
WHUPV�RI� �SDUWLDO�K\SRWKHVHV�� �ZLWK

���
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ZKHUH� �GHQRWHV�WKH�FRQGLWLRQDO�GLVWULEXWLRQ�RI� �JLYHQ�WKH�FRYDULDWH� �
7KH� LQGHSHQGHQFH� LV�PHDVXUHG� E\� OLQHDU� VWDWLVWLFV� LQFRUSRUDWLQJ� WKH� ORJ�UDQN� VFRUHV
WKDW� WDNH� FHQVRULQJ� LQWR� DFFRXQW�� ,Q� WKH� H[WHQVLRQ� RI� FRQGLWLRQDO� LQIHUHQFH� WUHH� WR
/75&� FRQGLWLRQDO� LQIHUHQFH� WUHH�� WKH� ORJ�UDQN� VFRUH� FDQ� EH�PRGLÀHG� DV� IROORZV� IRU
/75&�GDWD���*LYHQ�WKH�OLVW�RI�SVHXGR�VXEMHFW�REVHUYDWLRQV�ZLWK�/75&�VXUYLYDO�WLPHV
DV� LQ� ����� WKH� UHVSRQVH�YDULDEOH�QRZ�EHFRPHV� � LQ� WKH� WHVW�RI�SDUWLDO
QXOO� K\SRWKHVLV� RI� LQGHSHQGHQFH� ���� IRU� WKH� �WK� REVHUYDWLRQ� �� 7KH
FRUUHVSRQGLQJ�ORJ�UDQN�VFRUH�LV�GHÀQHG�DV

���

1RWH� WKDW� � LV� WKH� QRQSDUDPHWULF� PD[LPXP� OLNHOLKRRG� HVWLPDWRU� �130/(�� RI� WKH
VXUYLYDO� IXQFWLRQ�ZKLFK� WDNHV� LQWR�DFFRXQW� OHIW�WUXQFDWLRQ��6XFK�DQ�HVWLPDWRU�FDQ�EH
FRQVWUXFWHG� XVLQJ� WKH� SURGXFW�OLPLW� HVWLPDWRU�� WKDW� LV�� .DSODQ�0HLHU� HVWLPDWRU� ZLWK
SVHXGR�VXEMHFWV� WKDW� IDOO� LQWR� WKH� FXUUHQW� QRGH������� :H� VLPLODUO\� XVH� WKH� ORJ�UDQN
VFRUH� � LQ� WKH� SURSRVHG� H[WHQVLRQ� RI� FRQGLWLRQDO� LQIHUHQFH� IRUHVW� WR� /75&
FRQGLWLRQDO�LQIHUHQFH�IRUHVW�

������5HFXUVLYH�SDUWLWLRQLQJ�LQ�WKH�SURSRVHG�55)�79�IRUHVW� 7KH�UHODWLYH�ULVN�IRUHVW
FRPELQHV�WKH�XVH�RI�UHODWLYH�ULVN�WUHHV��ZLWK�UDQGRP�IRUHVW�PHWKRGRORJ\���DV�D�ZD\�WR
UHOLDEO\�HVWLPDWH�UHODWLYH�ULVN�YDOXHV��7KH�&ODVVLÀFDWLRQ�DQG�5HJUHVVLRQ�7UHH��&$57�
SDUDGLJP���LV�XVHG�WR�SURGXFH�D�UHODWLYH�ULVN�IRUHVW�E\�H[SORLWLQJ�DQ�HTXLYDOHQFH�ZLWK
3RLVVRQ�WUHH�OLNHOLKRRGV�

7KH� VSOLWWLQJ� FULWHULRQ� XQGHU� WKH� UHODWLYH� ULVN� IUDPHZRUN� LV� WR� PD[LPL]H� WKH
UHGXFWLRQ�LQ�WKH�RQH�VWHS�GHYLDQFH�EHWZHHQ�WKH�ORJ�OLNHOLKRRG�RI�WKH�VDWXUDWHG�PRGHO
DQG�WKH�PD[LPL]HG�ORJ�OLNHOLKRRG��$W�QRGH� ��OHW� �GHQRWH�WKH�VHW�RI�ODEHOV�RI�WKRVH
REVHUYDWLRQV�WKDW�IDOO�LQWR�WKH�UHJLRQ�FRUUHVSRQGLQJ�WR�QRGH� ��DQG�OHW� �DQG�
GHQRWH�WKH�FRUUHVSRQGLQJ�KD]DUG�DQG�FXPXODWLYH�KD]DUG�IXQFWLRQ��UHVSHFWLYHO\��8QGHU
WKH�DVVXPSWLRQ�RI�3+V�
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ZKHUH� �LV�WKH�EDVHOLQH�KD]DUG�DQG� �LV�WKH�QRQQHJDWLYH�UHODWLYH�ULVN�RI�WKH�QRGH� �
*LYHQ� WKH� ULJKW�FHQVRUHG� REVHUYDWLRQV� �� �� WKH� PD[LPXP� OLNHOLKRRG
HVWLPDWH�RI� �LV

ZKHUH�WKH�1HOVRQ�$DOHQ�HVWLPDWRU�XVLQJ�DOO�RI�WKH�GDWD�DW�WKH�URRW�QRGH� �LV�XVHG�IRU�
���7KH�IXOO�OLNHOLKRRG�GHYLDQFH�UHVLGXDO�IRU�QRGH� �LV�GHÀQHG�DV

���

)RU�D�3RLVVRQ�UHJUHVVLRQ�PRGHO��OHW� �GHQRWH�WKH�HYHQW�UDWH�� �DQG� �EH�WKH�H[SRVXUH
WLPH�DQG�WKH�HYHQW�FRXQW�IRU�REVHUYDWLRQ� ��UHVSHFWLYHO\��WKHQ�����LV�HTXLYDOHQW�LQ�IRUP
WR�WKH�GHYLDQFH�UHVLGXDO�EDVHG�RQ�WKH�3RLVVRQ�UHJUHVVLRQ�PRGHO�

���

ZLWK� �� E\� UHSODFLQJ� �ZLWK� �� �ZLWK� �� DQG� �ZLWK� ��� 7R

DGDSW� WKH�3RLVVRQ� UHJUHVVLRQ� WUHH� DSSURDFK� IRU� OHIW�WUXQFDWHG� ULJKW�FHQVRUHG� VXUYLYDO
REVHUYDWLRQV� �� WKH� NH\� LV� WR� PRGLI\� WKH� HVWLPDWHG� � DQG� � WR
UHSODFH� �� �DQG� �LQ������)LUVW��FRPSXWH�WKH�HVWLPDWHG�FXPXODWLYH�KD]DUG�IXQFWLRQ�

�EDVHG�RQ�DOO��SVHXGR�VXEMHFW��REVHUYDWLRQV��7KH�H[SRVXUH�WLPH� �DQG�WKH�HYHQW
FRXQW� � IRU� REVHUYDWLRQ� � LQ� ���� DUH� WKHQ� UHSODFHG� E\� � DQG� � WR
REWDLQ�WKH�GHYLDQFH�UHVLGXDO�DSSURSULDWH�IRU�/75&�GDWD��

������,PSOHPHQWDWLRQ�RI�WKH�SURSRVHG�IRUHVWV� 7R�LPSOHPHQW�WKH�&,)�79�DQG�55)�
79� DOJRULWKPV�� ZH� PDNH� XVH� RI� WKH� IDVW� DOJRULWKPV� SURYLGHG� LQ� WKH� SDFNDJHV
SDUW\NLW���DQG�UDQGRP)RUHVW65&���� UHVSHFWLYHO\��7KH�55)�79�EXLOGLQJ� DUFKLWHFWXUH
LV�EDVHG�RQ�HPSOR\LQJ�WKH�IDVW�&�FRGH�IURP�UDQGRP)RUHVW65&��7KH�3RLVVRQ�VSOLWWLQJ
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UXOH��LV�FRGHG�LQ�&�DQG�LV�LQFRUSRUDWHG�E\�H[SORLWLQJ�WKH�FXVWRP�VSOLWWLQJ�UXOH�IHDWXUH
LQ�WKH�UIVUF�IXQFWLRQ��7KH�&,)�79�LV�EXLOW�E\�H[WHQGLQJ�WKH�VXUYLYDO�IRUHVW�DOJRULWKPV
FRGHG�LQ�WKH�FIRUHVW�IXQFWLRQ�IURP�SDUW\NLW�ZLWK�WKH�ORJ�UDQN�VFRUH�DGDSWHG�IRU�/75&
GDWD�

����%RRWVWUDSSLQJ�VXEMHFWV�YHUVXV�ERRWVWUDSSLQJ�SVHXGR�VXEMHFWV

,Q� IRUHVW�OLNH� DOJRULWKPV�� ERRWVWUDSSHG� VDPSOHV� DUH� W\SLFDOO\� XVHG� WR� FRQVWUXFW� HDFK
LQGLYLGXDO� WUHH� WR� LQFUHDVH� LQGHSHQGHQFH� EHWZHHQ� WKHVH� EDVH� OHDUQHUV�� 7KH
QRQSDUDPHWULF�ERRWVWUDS�DSSURDFK�LV�XVHG�LQ�DOO�WKUHH�W\SHV�RI�IRUHVWV�EHLQJ�FRQVLGHUHG
KHUH��&,)�79��55)�79��DQG�76)�79���,W�SODFHV�SRVLWLYH�LQWHJHU�ZHLJKWV�WKDW�VXP�WR
WKH� VDPSOH� VL]H� RQ� DSSUR[LPDWHO\� ���� RI� WKH� REVHUYDWLRQV� LQ� DQ\� JLYHQ� ERRWVWUDS
VDPSOH��DQG�WKH�����RI�WKH�GDWD�H[FOXGHG�GXULQJ�WKLV�SURFHGXUH�LV�FDOOHG�RXW�RI�EDJ
GDWD��22%�GDWD���$V�ZH�VSOLW�HDFK�VXEMHFW�LQWR�VHYHUDO�SVHXGR�VXEMHFWV�DQG�WUHDW�WKHVH
SVHXGR�VXEMHFWV� DV� LQGHSHQGHQW�REVHUYDWLRQV�RQ�ZKLFK� WR�EXLOG� WKH� IRUHVWV��ZH�KDYH
WZR�ERRWVWUDSSLQJ�RSWLRQV��ZH�FDQ�ERRWVWUDS�VXEMHFWV�RU�ERRWVWUDS�SVHXGR�VXEMHFWV�

%RRWVWUDSSLQJ� SVHXGR�VXEMHFWV� LV� XVHG� IRU� VRPH� GLVFUHWH� VXUYLYDO� IRUHVW
PHWKRGV�������6LQFH�DOO�SVHXGR�VXEMHFWV�DUH�WUHDWHG�DV�LQGHSHQGHQW�REVHUYDWLRQV�LQ�WKH
UHFXUVLYH�SDUWLWLRQLQJ�SURFHVV������ERRWVWUDSSLQJ�SVHXGR�VXEMHFWV�LV�MXVW�ERRWVWUDSSLQJ
´LQGHSHQGHQWµ� REVHUYDWLRQV� DV� WKH� ÀUVW� VWHS� RI� DQ\� IRUHVW� DOJRULWKP�� 2Q� WKH� RWKHU
KDQG�� ERRWVWUDSSLQJ� VXEMHFWV� LV� D� QDWXUDO� DSSURDFK�� DV� LW� NHHSV� DOO� RI� WKH� SVHXGR�
VXEMHFWV�IRU�HDFK�VXEMHFW�LQ�WKH�ERRWVWUDS�VDPSOH��,Q�IDFW��VLPXODWLRQV�KDYH�VKRZQ�WKDW
WKH� WZR�GLIIHUHQW�ERRWVWUDSSLQJ�PHFKDQLVPV�GR�QRW� UHVXOW� LQ� IXQGDPHQWDOO\�GLIIHUHQW
OHYHOV�RI�SHUIRUPDQFH��VHH�6HFWLRQ�6����LQ�WKH�6XSSOHPHQWDO�0DWHULDO�IRU�PRUH�GHWDLOV�
7KLV�SDSHU�ZLOO�IRFXV�RQ�IRUHVWV�EDVHG�RQ�ERRWVWUDSSLQJ�VXEMHFWV�

����5HJXODWLQJ�WKH�FRQVWUXFWLRQ�RI�LQGLYLGXDO�WUHHV�LQ�WKH�SURSRVHG�IRUHVWV

,Q�D�IRUHVW�DOJRULWKP��RQO\�D�UDQGRP�VXEVHW�RI�FRYDULDWHV�LV�FRQVLGHUHG�IRU�VSOLWWLQJ�DW
HDFK�QRGH��7KH�VL]H�RI�WKLV�UDQGRP�VHW�LV�GHQRWHG�E\�PWU\��,Q�DGGLWLRQ�WR�PWU\��PDQ\
RWKHU�SDUDPHWHUV�SOD\�DQ�LPSRUWDQW�UROH�LQ�HVWDEOLVKLQJ�D�VSOLW�LQ�WKH�LQGLYLGXDO�WUHH��,Q
ERWK� WKH� FIRUHVW��� IXQFWLRQ� IRU� WKH� FRQGLWLRQDO� LQIHUHQFH� IRUHVW� DQG� WKH� WUDIRUHVW��

IXQFWLRQ� IRU� WKH� WUDQVIRUPDWLRQ� IRUHVW� DOJRULWKPV�� PLQVSOLW� �WKH� PLQLPXP� VXP� RI
ZHLJKWV� LQ� D� QRGH� LQ� RUGHU� WR� EH� FRQVLGHUHG� IRU� VSOLWWLQJ���PLQSURE� �WKH� PLQLPXP
SURSRUWLRQ�RI�REVHUYDWLRQV�QHHGHG� WR�HVWDEOLVK�D� WHUPLQDO�QRGH��� DQG�PLQEXFNHW� �WKH
PLQLPXP�VXP�RI�ZHLJKWV�LQ�D�WHUPLQDO�QRGH��FRQWURO�ZKHWKHU�RU�QRW�WR�LPSOHPHQW�D
VSOLW�� LQ� WKH�UIVUF��� IXQFWLRQ� IRU� WKH� UHODWLYH� ULVN� IRUHVW�DOJRULWKPV��QRGHVL]H�FRQWUROV
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WKH�DYHUDJH�WHUPLQDO�QRGH�VL]H��7KHVH�WXQLQJ�SDUDPHWHUV�WKHUHE\�UHJXODWH�WKH�VL]H�RI
WKH�LQGLYLGXDO�WUHHV��7KH�UHFRPPHQGHG�YDOXHV�IRU�WKHVH�SDUDPHWHUV�DUH�XVXDOO\�JLYHQ
DV�GHIDXOWV�WR�WKH�DOJRULWKP��)RU�H[DPSOH��PWU\�LV�XVXDOO\�VHW�WR�EH� ��ZKHUH� �LV�WKH
WRWDO� QXPEHU� RI� FRYDULDWHV������� QRGHVL]H� WR� EH� � LQ� WKH� UIVUF� IXQFWLRQ�� �PLQVSOLW�
PLQEXFNHW��WR�EH� �LQ�WKH�FIRUHVW�IXQFWLRQ�DQG�WKH�WUDIRUHVW� IXQFWLRQ��ZKLFK�ZH
UHIHU�WR�DV�WKH�GHIDXOW�SDUDPHWHU�VHWWLQJV�

7KH�EHVW�YDOXHV�IRU�WKHVH�SDUDPHWHUV�ZRXOG�EH�H[SHFWHG�WR�GHSHQG�RQ�WKH�SUREOHP
DQG�WKH\�VKRXOG�EH�WUHDWHG�DV�WXQLQJ�SDUDPHWHUV����,W�KDV�EHHQ�VKRZQ�IRU�FRQGLWLRQDO
LQIHUHQFH� IRUHVWV� IRU� LQWHUYDO�FHQVRUHG� GDWD��� WKDW� WKHVH� SDUDPHWHUV� KDYH� D� QRQ�
QHJOLJLEOH�HIIHFW�RQ�WKH�RYHUDOO�SHUIRUPDQFH�RI�WKH�IRUHVW�DOJRULWKP��$V�ZH�H[WHQG�WKH
IRUHVW�IUDPHZRUN�WR�DOORZ�IRU�OHIW�WUXQFDWLRQ��DQG�IURP�WLPH�LQYDULDQW�FRYDULDWH�GDWD�WR
WLPH�YDU\LQJ� FRYDULDWH� GDWD�� ZH� VKRXOG� DOVR� FRQVLGHU� UXOHV� IRU� FKRRVLQJ� WXQLQJ
SDUDPHWHUV�

7KH� DOJRULWKP� GHVLJQHG� LQ� VXUYLYDO� IRUHVWV� IRU� LQWHUYDO�FHQVRUHG� GDWD�ZLWK� WLPH�
LQYDULDQW�FRYDULDWHV��� WXQHV� WKH� YDOXH� RI�PWU\� RQ� WKH� ´RXW�RI�EDJ� REVHUYDWLRQV�µ� 7R
DGDSW� WKH�VDPH� LGHD� WR� VXUYLYDO� IRUHVWV�EDVHG�RQ�ERRWVWUDSSLQJ�VXEMHFWV�RQ�D�GDWDVHW
ZLWK�WLPH�YDU\LQJ�FRYDULDWHV��ZH�GHÀQH�WKH�´RXW�RI�EDJ�REVHUYDWLRQVµ�IRU�WKH� �WK�WUHH
WR�EH�WKH�REVHUYDWLRQV�IURP�WKRVH�VXEMHFWV�WKDW�DUH�OHIW�RXW�RI�WKH� �WK�ERRWVWUDS�VDPSOH
DQG�QRW�XVHG�LQ�WKH�FRQVWUXFWLRQ�RI�WKH� �WK�WUHH��7KH�VXUYLYDO�FXUYH�FDQ�EH�HVWLPDWHG

E\�XVLQJ�HDFK�RI�WKH� �WUHHV�LQ�ZKLFK�WKDW�VXEMHFW�ZDV�´RXW�RI�EDJ�µ�GHQRWHG�DV�

��7R�HYDOXDWH�WKH�ÀW�RI�WKH�RXW�RI�EDJ�HVWLPDWH� �ZLWK�D�VSHFLÀF�YDOXH�RI�PWU\��ZH
FRPSXWH�WKH�HVWLPDWLRQ�HUURU�GHÀQHG�DV�WKH�LQWHJUDWHG�%ULHU�VFRUH�GHVLJQHG�IRU�WLPH�
LQYDULDQW�FRYDULDWH�GDWD����DGDSWHG�KHUH�IRU�WLPH�YDU\LQJ�FRYDULDWH�GDWD�DV�IROORZV�

)RU� D� JLYHQ� GDWDVHW� �� GHÀQH� WKH� LQWHJUDWHG� %ULHU� VFRUH� � IRU� WKH
HVWLPDWHG�VXUYLYDO�IXQFWLRQ� �DV

���

ZKHUH� � GHWHUPLQHV� WKH� OHQJWK� RI� GLIIHUHQFH� HYDOXDWLRQ� WLPH� VSDQ� IRU� VXEMHFW� ��

� LV� WKH� REVHUYHG� VWDWXV� � � LV� WKH� VXUYLYDO�FHQVRUHG� WLPH���

�LV�WKH�LQYHUVH�SUREDELOLW\�RI�FHQVRULQJ�ZHLJKWV�
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ZLWK� � WKH� .DSODQ�0HLHU� HVWLPDWH� RI� WKH� FHQVRULQJ� GLVWULEXWLRQ� EDVHG� RQ�
���7KH� FRUUHVSRQGLQJ� %ULHU� VFRUH� � DW� WLPH� � LV

GHÀQHG�DV

���

7KH�UHVXOWLQJ�HVWLPDWLRQ�HUURU�IRU�WKH�HQVHPEOH�PHWKRG�ZLWK�D�VSHFLÀF�YDOXH�RI�PWU\

FDQ�WKHQ�EH�FRPSXWHG�E\�VHWWLQJ� � LQ� �����$Q�DSSURSULDWH�YDOXH�RI�PWU\� LV
WKH�RQH�WKDW�PLQLPL]HV�WKH�´RXW�RI�EDJµ�HVWLPDWLRQ�HUURU�

5HJDUGLQJ�WKH�YDOXHV�RI�RWKHU�WXQLQJ�SDUDPHWHUV��WKH�RSWLPDO�YDOXHV�WKDW�GHWHUPLQH
WKH�VSOLW�YDU\�IURP�FDVH�WR�FDVH��$V�À[HG�QXPEHUV��WKH�GHIDXOW�YDOXHV�PD\�QRW�DIIHFW
WKH�VSOLWWLQJ�DW�DOO�ZKHQ�WKH�VDPSOH�VL]H� LV� ODUJH��ZKLOH�KDYLQJ�D�QRWLFHDEOH�HIIHFW� LQ
VPDOOHU� GDWD� VHWV�� 7KLV� LQFRQVLVWHQF\� FDQ� SRWHQWLDOO\� UHVXOW� LQ� JRRG� SHUIRUPDQFH� LQ
VRPH�GDWD� VHWV� DQG�SRRU� SHUIRUPDQFH� LQ� RWKHUV�� ,Q� WKH� VLPXODWLRQV��ZH� VHW�PLQVSOLW�
PLQEXFNHW��DQG�QRGHVL]H�WR�EH�WKH�PD[LPXP�RI�WKH�GHIDXOW�YDOXH�DQG�WKH�VTXDUH�URRW
RI�WKH�QXPEHU�RI�SVHXGR�VXEMHFW�REVHUYDWLRQV� ��7KLV�VHW�RI�YDOXHV�FDQ�DXWRPDWLFDOO\
DGMXVW� WR� WKH� FKDQJH� LQ� VL]H� RI� WKH� GDWD� VHW��:H� UHIHU� WR� WKH� DERYH� FKRLFH� RI�PWU\�
PLQVSOLW��PLQEXFNHW��DQG�QRGHVL]H�DV� WKH�SURSRVHG�SDUDPHWHU�VHWWLQJV��DV�RSSRVHG� WR
WKH�GHIDXOW�VHWWLQJV�

����&RQVWUXFWLQJ�D�VXUYLYDO�IXQFWLRQ�HVWLPDWH�IRU�WLPH�YDU\LQJ�FRYDULDWH
GDWD

&RQVLGHU� D� SDUWLFXODU� VWUHDP� RI� FRYDULDWH� YDOXHV� � DW� WLPH� �� IRU�
�� 'HQRWH� � WKH� VHW� RI� WKH� FRYDULDWH

YDOXHV� XS� WR� WLPH� �� $W� WLPH� �� ZH� GHULYH� D� UHFXUVLYH� FRPSXWDWLRQ� DV
IROORZV

���
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ZKHUH� �GHQRWHV�WKH�RXWSXW�RI�WKH�DOJRULWKP�IRU�WKH�LQSXW�ZLWK
WLPH�LQYDULDQW�FRYDULDWH�YDOXH� ��6HH�$SSHQGL[�%�IRU�GHWDLOV�RI�GHULYDWLRQ�

)XUWKHU��E\�H[SDQVLRQ������LV�HTXLYDOHQW�WR

����

IRU� ��7KH� IRUPXODWLRQ� LQ� ����� SURYLGHV� DQRWKHU� SHUVSHFWLYH� WR� YLHZ� WKH
UHVXOWLQJ�VXUYLYDO�FXUYH�HVWLPDWH³LW�LV�FRQVWUXFWHG�E\�FRPELQLQJ�WKH�SVHXGR�VXEMHFW�
VSHFLÀF� HQVHPEOH� HVWLPDWHV� RI� WKH� VXUYLYDO� IXQFWLRQ� ZLWK� PXOWLSOLFDWLYH� FRUUHFWLRQ
IDFWRUV��7KHVH�FRUUHFWLRQ�IDFWRUV�HQVXUH�PRQRWRQLFLW\�RI�WKH�RYHUDOO�FXUYH�

1RWH�WKDW�WKH�FRQVWUXFWLRQ�LQ������FRLQFLGHV�ZLWK�ZKDW�WKH�IXQFWLRQ�VXUYÀW�LQ�WKH�5
SDFNDJH�VXUYLYDO���XVHV�WR�JLYH�D�VXEMHFW·V�VXUYLYDO�IXQFWLRQ�HVWLPDWH�IURP�D�FR[SK�ÀW
XVLQJ�WKH�VDPH�FRXQWLQJ�SURFHVV�DSSURDFK�

)LJXUH¬��JLYHV�DQ� LOOXVWUDWLRQ�RI� WKH�HVWLPDWHG�VXUYLYDO� IXQFWLRQV�ZLWK�RU�ZLWKRXW
´XSGDWLQJµ�WKH�FRYDULDWH�YDOXHV�DW�WLPH� ��)RU�HDFK� ��WKH�´XSGDWHµ�LQ�WKH
HVWLPDWHG� VXUYLYDO� SUREDELOLW\� VWDUWLQJ� IURP� WLPH� � IRU� DOO� WKH� IXWXUH� WLPH�
UHÁHFWV�WKH�GLIIHUHQFH�LQ�WKH�HVWLPDWHG�VXUYLYLQJ�SURSRUWLRQV�RI�WZR�VXESRSXODWLRQV�RI
VXEMHFWV�ZLWK�WKHLU�FRYDULDWH�WUDMHFWRULHV�GLYHUJLQJ�IURP�WKH�VKDUHG�SDVW�EHIRUH� ��2QH
FDQ� VHH� WKDW� WKH� FKDQJH� LQ� FRYDULDWH� LQIRUPDWLRQ� DW� HDFK� WLPH� SRLQW� RI� FKDQJH� FDQ
PDNH�D�KXJH�LPSDFW�RQ�WKH�IXWXUH�SDWK�RI�WKH�HVWLPDWHG�VXUYLYDO�IXQFWLRQ�
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��6LPXODWLRQ�VWXG\

����'DWD�JHQHUDWLRQ�VFKHPH

,Q� WKH� VLPXODWLRQ� VWXG\�� REVHUYDWLRQV� IURP� � VXEMHFWV� DUH� JHQHUDWHG� LQGHSHQGHQWO\
ZLWK� �FRYDULDWHV� ��:H�VHW� ��(LJKW�RI� WKHVH�FRYDULDWHV�DUH
WLPH�LQYDULDQW�� �� ��
�� � IROORZV� D� FDWHJRULFDO� GLVWULEXWLRQ� ZLWK� SRVVLEOH� RXWFRPHV� � ZLWK
HTXDO� SUREDELOLW\�� � IROORZV� D� FDWHJRULFDO� GLVWULEXWLRQ� ZLWK� SRVVLEOH� RXWFRPHV�

� ZLWK� HTXDO� SUREDELOLW\�� 7KH� RWKHUV� DUH� WLPH�YDU\LQJ�� ZKRVH� YDOXHV� DUH
REWDLQHG� DW� � UDQGRPO\� JHQHUDWHG� WLPH� SRLQWV�� GLIIHUHQW� IRU� HDFK� VXEMHFW�� ,Q� WKH
VLPXODWLRQV�� ZH� VHW� �� $W� HDFK� RI� WKHVH� SUHVHW� WLPH� SRLQWV�� IRU� VRPH� WLPH�
YDU\LQJ� FRYDULDWHV�� WKH� YDOXH� LV� UDQGRPO\� UHVLPXODWHG� IURP� LWV� GLVWULEXWLRQ��

�� �� � DQG� � ERWK� IROORZ� D
FDWHJRULFDO�GLVWULEXWLRQ�ZLWK�SRVVLEOH�RXWFRPHV� �ZLWK�HTXDO�SUREDELOLW\�
IRU� RWKHU� WLPH�YDU\LQJ� FRYDULDWHV�� WKH� YDOXH� LV� UHVLPXODWHG� IROORZLQJ� SDUWLFXODU

)LJXUH¬��� ,OOXVWUDWLRQ�RI�HVWLPDWHG�VXUYLYDO� IXQFWLRQV�ZLWK�RU�ZLWKRXW�FKDQJLQJ�WKH�FRYDULDWH
YDOXHV� DW� �� �� $W� �� WKH� GRW� RQ� WKH� FXUYH� VKRZV� WKH� HVWLPDWHG� VXUYLYDO
IXQFWLRQ� DW� WKH� WLPH� RI� FKDQJH� �KDYLQJ� EHHQ� XSGDWHG� DW� DOO� RI� WKH� SUHYLRXV� WLPH� SRLQWV�

��� ,I� QRW� XSGDWHG� ZLWK� WKH� ODWHVW� FKDQJH�� WKH� HVWLPDWHG� VXUYLYDO� IXQFWLRQ� DW�
� LV� VKRZQ�DV� WKH� GDVKHG� OLQH�ZLWK� WKH� VDPH� FRORU� DV� WKH� GRW�� 7KH� VROLG� EODFN� OLQH

VKRZV� WKH� RQH� HVWLPDWHG� E\� &,)�79� DQG� FRQVWUXFWHG� DV� JLYHQ� LQ� ����� ,W� WUDFNV� DOO� RI� WKH
FKDQJHV� LQ�FRYDULDWH�YDOXHV�DQG�XSGDWHV� WKH�HVWLPDWHG�VXUYLYDO�SUREDELOLWLHV�DW�HDFK� WLPH
VWHS�RI�FKDQJH�
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SDWWHUQV�� �� ZKRVH� LQLWLDO� YDOXH� LV� UDQGRPO\� JHQHUDWHG� IURP� � ZLWK� HTXDO
SUREDELOLW\��ZKLFK�ZLOO�FKRRVH�WR�VWD\�DW�WKH�RULJLQDO�YDOXH�RU�PRYH�RQH�OHYHO�XS�EXW
WKH� ODUJHVW� YDOXH� FDQ� RQO\� EH� �� WKH� FKDQJLQJ� SDWWHUQ� RI� � LV� DOZD\V� �� WKH
FKDQJLQJ�SDWWHUQ�RI� � LV�HLWKHU� �RU� �� WKH� FKDQJLQJ�SDWWHUQ�RI� � LV�

��YDOXH�RI� � LV�D� OLQHDU�IXQFWLRQ�RI� WKH�OHIW�WUXQFDWHG�WLPH�SRLQW�RI� WKH
LQWHUYDO�ZLWK�VORSH�DQG� LQWHUFHSW� IROORZV� ��)XUWKHU�GHWDLOV�RI� WKH�FKDQJLQJ
SDWWHUQ� RI� �� �� �� � DQG� � FDQ� EH� IRXQG� LQ� 6HFWLRQ� 6���� LQ� WKH
6XSSOHPHQWDO�0DWHULDO�

$IWHU�WKH�WLPH�YDU\LQJ�FRYDULDWHV·�YDOXHV�DUH�JHQHUDWHG�DW�HDFK�RI�WKRVH� �SUHVHW
WLPH�SRLQWV�� WKH� WUXH�VXUYLYDO� WLPH� � LV� WKHQ�FRPSXWHG�XQGHU�GLIIHUHQW�PRGHO� VHWXSV
DQG�WKH�ULJKW�FHQVRULQJ�WLPH� �LV�JHQHUDWHG�LQGHSHQGHQWO\�

����0RGHO�VHWXS

:H�FRQVLGHU�WKH�IROORZLQJ�IDFWRUV�IRU�GLIIHUHQW�YDULDWLRQV�RI�GDWD�JHQHUDWLQJ�PRGHOV�

D� 'LIIHUHQW�SURSRUWLRQV�RI�WLPH�YDU\LQJ�FRYDULDWHV�LQ�WKH�WUXH�PRGHO��VFHQDULR��
E� 'LIIHUHQW�VLJQDO�WR�QRLVH�UDWLRV��615V��ODEHOHG�DV�´+LJKµ�DQG�´/RZ�µ�FRQVWUXFWHG

E\�FKRRVLQJ�GLIIHUHQW�FRHIÀFLHQWV�LQ�WKH�WUXH�PRGHO�
F� 'LIIHUHQW�KD]DUG�IXQFWLRQ�VHWWLQJV��D�3+�DQG�D�QRQ�3+��QRQ�3+��VHWWLQJ�
G� 'LIIHUHQW� VXUYLYDO� UHODWLRQVKLSV� EHWZHHQ� WKH� KD]DUGV� DQG� FRYDULDWHV�� D� OLQHDU�� D

QRQOLQHDU��RU�DQ�LQWHUDFWLRQ�PRGHO�
H� 'LIIHUHQW�FHQVRULQJ�UDWHV������DQG�����
I� 'LIIHUHQW�VDPSOH�VL]HV�� �������DQG� �
J� 'LIIHUHQW�DPRXQW�RI�NQRZOHGJH�RI�KLVWRU\�RI�FKDQJHV�LQ�FRYDULDWHV·�YDOXHV��&DVH�,

³:KHQ�DOO�FKDQJHV�LQ�YDOXHV�RI�FRYDULDWHV�DUH�NQRZQ��ODEHOHG�DV�´)XOO�µ�DQG�&DVH
,,³:KHQ�RQO\�KDOI�RI�WKH�FKDQJHV�LQ�YDOXHV�RI�WKH�FRYDULDWHV�DUH�NQRZQ��ODEHOHG
DV�´+DOI�µ

6FHQDULR� :H� FRQVLGHU� WZR� GLIIHUHQW� SURSRUWLRQV� RI� WLPH�YDU\LQJ� FRYDULDWHV� LQ� WKH
WUXH�PRGHO���7,� ��79��DQG��7,� ��79��VHH�7DEOH¬���2QO\�WKH�ÀUVW�VL[�FRYDULDWHV�DUH
JLYHQ�LQ�WKH�WDEOH�VLQFH� �WR� �DUH�QHYHU�LQYROYHG�LQ�WKH�WUXH�'*3�
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6XUYLYDO�UHODWLRQVKLSV� *LYHQ�D�VXUYLYDO�UHODWLRQVKLS��WKH�VXUYLYDO�WLPH� �GHSHQGV�RQ�
��+HUH�ZH�XVH�VFHQDULR��7,� ��79�IRU�LOOXVWUDWLRQ�

)RU�D�OLQHDU�VXUYLYDO�UHODWLRQVKLS�� �ZLWK�FRQVWDQWV� �
�� )RU� D� QRQOLQHDU� VXUYLYDO� UHODWLRQVKLS��

ZLWK�VRPH�FRQVWDQWV� ��DQG� �� ��)RU�DQ�LQWHUDFWLRQ�PRGHO�� �LV
GHWHUPLQHG�E\�WKH�YDOXH�RI�WLPH�YDU\LQJ�FRYDULDWH� �DQG�WKH�YDOXH�RI�WLPH�YDU\LQJ
FRYDULDWH� ��)LJXUH¬��JLYHV�DQ�H[DPSOH�RI�WKH�VWUXFWXUH�RI�WKH�FRYDULDWHV�GULYLQJ�WKH
LQWHUDFWLRQ�VXUYLYDO�UHODWLRQVKLS��ZKHUH� �FRUUHVSRQG�WR

�L�

�LL�

�LLL�

�LY�

ZLWK�VRPH�FRQVWDQWV� �� �DQG� �

)LJXUH¬ ��� $Q� H[DPSOH� RI� WKH� VWUXFWXUH� RI� WKH� FRYDULDWHV� GULYLQJ� WKH� LQWHUDFWLRQ� VXUYLYDO
UHODWLRQVKLS��ZKHUH�VHW� �DQG� �DUH�VRPH�VHWV�RI�YDOXHV�RI� �DQG� ��UHVSHFWLYHO\�
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6XUYLYDO� GLVWULEXWLRQV� XQGHU� WKH� 3+� DQG� WKH� QRQ�3+� VHWWLQJ� *LYHQ� D� VXUYLYDO
UHODWLRQVKLS�PRGHO��WKH�VXUYLYDO�WLPH� �GHSHQGV�RQ� �YLD�D�:HLEXOO�GLVWULEXWLRQ�

)RU�3+�PRGHOV��D�FORVHG�IRUP�VROXWLRQ�FDQ�EH�GHULYHG�WR�JHQHUDWH�VXUYLYDO� WLPHV
ZLWK� WLPH�YDU\LQJ� FRYDULDWHV� IRU� WKH�:HLEXOO� GLVWULEXWLRQ���� )RU� QRQ�3+�PRGHOV�� D
FORVHG�IRUP� VROXWLRQ� H[LVWV� IRU� WKH�:HLEXOO� GLVWULEXWLRQ�� ZLWK� LWV� QRQFRQVWDQW� VKDSH
WHUP� D� IXQFWLRQ� RI� WKH� FRYDULDWHV� �QRWH� WKDW� WKH� 3+� UHODWLRQVKLS� LV� RQ� WKH� VFDOH
SDUDPHWHU�IRU�WKH�:HLEXOO�GLVWULEXWLRQ��

7R� EH� PRUH� VSHFLÀF�� IRU� WKH� 3+� VHWWLQJ�� ZH� FRQVLGHU� WKH� XQGHUO\LQJ� KD]DUG
IXQFWLRQ

����

ZKHUH� WKH� EDVHOLQH� KD]DUG� IXQFWLRQ� LV� JLYHQ� E\� � ZLWK� � DQG�
��)RU�WKH�QRQ�3+�VHWWLQJ��WKH�KD]DUG�IXQFWLRQ�LV�VHW�WR�EH

����

ZKHUH� ��9DOXHV�RI� � KDYH�EHHQ� VFDOHG� WR�EH�EHWZHHQ� � DQG� ��1RWH� WKDW�
FRPSDUHG�ZLWK� WKH�:HLEXOO� GLVWULEXWLRQ�XQGHU� WKH�3+� VHWWLQJ�� QRZ� WKH� WLPH�YDU\LQJ
HIIHFWV�DSSHDU�LQ�WKH�VKDSH�WHUP�LQVWHDG�RI�WKH�VFDOH�WHUP��7KH�VXUYLYDO�IXQFWLRQ�LV�WKHQ
JLYHQ� E\� �� )XUWKHU� GHWDLOV� RI� VLPXODWLQJ� WKH
VXUYLYDO�WLPH� �FDQ�EH�IRXQG�LQ�6HFWLRQ�6����LQ�WKH�6XSSOHPHQWDO�0DWHULDO�

+LVWRJUDPV� RI� VXUYLYDO� WLPHV� IRU� W\SLFDO� VDPSOHV� ZLWK� WKH� QXPEHU� RI� VXEMHFWV�
�LQ�HDFK�VFHQDULR�DUH�SURYLGHG�LQ�6HFWLRQ�6����LQ�WKH�6XSSOHPHQWDO�0DWHULDO

WR�LOOXVWUDWH�WKH�GDWD�JHQHUDWLQJ�SURFHVVHV��7KH�SDUDPHWHUV�VHW�LQ�WKH�VLPXODWLRQ�VWXG\
FDQ�EH�IRXQG�LQ�6HFWLRQ�6����LQ�WKH�6XSSOHPHQWDO�0DWHULDO�

.QRZOHGJH�RI�KLVWRU\�RI�FKDQJHV�LQ�FRYDULDWHV·�YDOXHV� ,Q�SUDFWLFH��LW�LV�OLNHO\�WKDW
QRW� DOO� RI� WKH� FKDQJHV� LQ� WKH� FRYDULDWHV·� YDOXHV� DUH� NQRZQ� WR� WKH� GDWD� DQDO\VW�� )RU
H[DPSOH�� VXSSRVH� WKDW� D� SDWLHQW·V� EORRG� SUHVVXUH� LV� WR� EH� PHDVXUHG� DW� UHJXODUO\
VFKHGXOHG�H[DPLQDWLRQ�WLPHV��,I�D�SDWLHQW�REH\V�WKH�VFKHGXOH�WKHQ��IURP�WKH�GRFWRU·V
SRLQW�RI�YLHZ��DOO� FKDQJHV� LQ�EORRG�SUHVVXUH�DUH�NQRZQ��+RZHYHU�� LI� D�SDWLHQW� VNLSV
VRPH� VFKHGXOHG� H[DPLQDWLRQ� WLPHV�� WKHQ� QRW� DOO� FKDQJHV� LQ� WKH� EORRG� SUHVVXUH� DUH
NQRZQ�� ,Q� WKH� ODWWHU� FDVH�� WKLV� PHDQV� WKDW� ZKDWHYHU� PRGHOLQJ� PHWKRG� LV� XVHG� WR
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HVWLPDWH� WKH� VXUYLYDO� FXUYHV�� LW� LV� RSHUDWLQJ� ZLWK� LQFRUUHFW� YDOXHV� DV� LQSXWV� DQG
WKHUHIRUH� LWV� SHUIRUPDQFH�ZRXOG� EH� H[SHFWHG� WR� GHWHULRUDWH��2I� FRXUVH�� WKH� IDFW� WKDW
EORRG� SUHVVXUH� LV� DFWXDOO\� FKDQJLQJ� FRQWLQXRXVO\� LV� DQ� H[WUHPH� H[DPSOH� RI� WKLV
SKHQRPHQRQ��LQ�WKHVH�VLPXODWLRQV�ZH�OLPLW�RXUVHOYHV�WR�FKDQJHV�DW�D�ÀQLWH�QXPEHU�RI
WLPH�SRLQWV��7KH�VLPXODWLRQV�DUH�GHVLJQHG�WR�LQYHVWLJDWH�WKH�SHUIRUPDQFH�RI�GLIIHUHQW
PRGHOLQJ�PHWKRGV�LQ�WKLV�VLWXDWLRQ�XQGHU�WKH�IROORZLQJ�WZR�FLUFXPVWDQFHV�

� &DVH�,��:KHQ�DOO�FKDQJHV�LQ�FRYDULDWH�YDOXHV�DUH�NQRZQ�
� &DVH�,,��:KHQ�RQO\�KDOI�RI�WKH�FKDQJHV�LQ�FRYDULDWH�YDOXHV�DUH�NQRZQ�

7KH�PLVVLQJ�FKDQJHV�DUH�VHOHFWHG�FRPSOHWHO\�DW�UDQGRP��7R�JHQHUDWH�D�GDWDVHW�XQGHU
&DVH�,,��RQH�FDQ�VWDUW�ZLWK�WKH�GDWDVHW�JHQHUDWHG�XQGHU�&DVH�,��7KH�IROORZLQJ�H[DPSOH
LV�JLYHQ�WR�LOOXVWUDWH�KRZ�WR�FRQVWUXFW�VXFK�GDWDVHWV��6XSSRVH�WKH�EDVHOLQH�FRYDULDWHV·
YDOXHV�RI�WKH�VXEMHFW�LV� �DQG�WKH�FRYDULDWHV�YDOXHV� �FKDQJH� �WLPHV
DW�WLPH� ��EHIRUH�WKH�VXEMHFW�LV�FHQVRUHG�RU�WKH�HYHQW�RFFXUV�DW� ��)RU

�� �DQG� ��7KH�FRXQWLQJ�SURFHVV�DSSURDFK�DVVXPHV

����

7KH�LQIRUPDWLRQ�RI�WKH�VXEMHFW�XQGHU�&DVH�,��GLVSOD\V�H[DFWO\�DV�LQ�������)RU�D�GDWDVHW
XQGHU� &DVH� ,,� ZKHQ� RQO\� KDOI� RI� WKH� FKDQJHV� DUH� NQRZQ�� RQO\� RQH� RI� � LV
NQRZQ��,I�RQO\�WKH�FKDQJH�DW� �� ��LV�NQRZQ��WKH�REVHUYHG�LQIRUPDWLRQ�IRU�WKH
VDPH�VXEMHFW�LV�WKHQ

����

1RWH� WKDW� IRU� ERWK� ����� DQG� ������ WKH� WUXH� VXUYLYDO� FXUYH� LV� FRQVWUXFWHG� XVLQJ� WKH
LQIRUPDWLRQ�DV�LQ�������ZKHQ�DOO�KLVWRU\�RI�FKDQJHV�LQ�YDOXHV�DUH�NQRZQ�

����(YDOXDWLRQ�PHDVXUHV

6LQFH� WKH� JRDO� LV� WR� HVWLPDWH� WKH� VXUYLYDO� IXQFWLRQ�� ZH� HYDOXDWH� HVWLPDWLRQ
SHUIRUPDQFH� XVLQJ� WKH� DYHUDJH� LQWHJUDWHG� � GLIIHUHQFH� EHWZHHQ� WKH� WUXH� DQG� WKH
HVWLPDWHG� VXUYLYDO� FXUYHV� �� *LYHQ� D� GDWDVHW� �� FRQWDLQLQJ� � VXEMHFWV�� HDFK� ZLWK
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SVHXGR�VXEMHFW� LQIRUPDWLRQ� XS� WR� WKH� VXUYLYDO�FHQVRUHG� WLPH� �� ��
�

����

1RWH�WKDW�ZH�HYDOXDWH�WKH�LQWHJUDWHG� �GLIIHUHQFH�RQO\�XS�WR� ��WKH�ODVW�WLPH�SRLQW
ZKHUH�WKH�VXUYLYDO�VWDWXV�LV�NQRZQ��,Q�WKH�VLPXODWLRQV��DV�ZH�JHQHUDWH�WKH�WUXH�VXUYLYDO
WLPH� ��ZH�KDYH� WKH� WUDMHFWRU\� RI� FRYDULDWH� YDOXHV� XS� WR� WLPH� � IRU� DQ\� JLYHQ
VXEMHFW� �HYHQ�ZKHQ� LW� LV�FHQVRUHG�DW� WLPH� ��+RZHYHU��KHUH�ZH� LQWHQG� WR
PDWFK� WKH� VFHQDULR� LQ� UHDO� ZRUOG� DSSOLFDWLRQV� ZKHUH� WKH� FRYDULDWH� LQIRUPDWLRQ� LV
XVXDOO\�QR�ORQJHU�UHFRUGHG�DIWHU�WKH�HYHQW�RFFXUV��H�J��WKH�SDWLHQW�GLHV��RU�WKH�VXEMHFW
LV�FHQVRUHG��H�J��ORVW�FRQWDFW���7KXV��ZH�GHÀQH�WKH�EHVW�PRGHOLQJ�PHWKRG�WR�EH�WKH�RQH
WKDW�JLYHV�XV�WKH�ORZHVW�LQWHJUDWHG� �GLIIHUHQFH��ZKLFK�LV�DQ�DYHUDJH�YDOXH�IURP�DOO
VXEMHFWV��IRU�HDFK�VXEMHFW��WKH�GLIIHUHQFH�EHWZHHQ�DQ�HVWLPDWHG�VXUYLYDO�FXUYH�DQG�WKH
WUXH�VXUYLYDO�FXUYH�XS�WR�LWV�ODVW�REVHUYHG�WLPH�LV�PHDVXUHG�

����6LPXODWLRQ�UHVXOWV

7KH�H[WHQGHG�&R[�PRGHO� LV� LQFOXGHG�DV�D�EHQFKPDUN�PHWKRG�� VLQFH� LW� LV�RQH�RI� WKH
PRVW� FRPPRQO\� XVHG�PHWKRGV� LQ� SUDFWLFH��$QRWKHU� EHQFKPDUN�PHWKRG� XVHG� LQ� WKLV
SDSHU�LV�WKH�.DSODQ�0HLHU�PHWKRG��ZKLFK�XVHV�QR�FRYDULDWHV·�YDOXHV�WR�FRQVWUXFW�WKH
VXUYLYDO� IXQFWLRQ� HVWLPDWH�� WKLV� KHOSV� LOOXVWUDWH� WKH� LPSURYHPHQW� LQ� HVWLPDWLRQ� IURP
LQFRUSRUDWLQJ�WKH�FRYDULDWH�LQIRUPDWLRQ�

,Q�WKLV�VHFWLRQ��ZH�SUHVHQW�VLPXODWLRQ�UHVXOWV�EDVHG�RQ� �VLPXODWLRQ� WULDOV��7KH
QXPEHU�RI�WUHHV�IRU�ERRWVWUDS�VDPSOHV�LV�VHW�WR�EH�����IRU�DOO�IRUHVW�PHWKRGV��:H�DOVR
RQO\�IRFXV�RQ�WKH�:HLEXOO�,QFUHDVLQJ�GLVWULEXWLRQ��DQG�RPLW�GLVFXVVLRQ�RI�WKH�:HLEXOO�
'HFUHDVLQJ� GLVWULEXWLRQ�� VLQFH� UHVXOWV� IRU� WKH� ODWWHU� GLVWULEXWLRQ� DUH� VLPLODU��'HWDLOHG
UHVXOWV�DUH�JLYHQ�LQ�6HFWLRQ�6����RI�WKH�6XSSOHPHQWDO�0DWHULDO�

������5HJXODWLQJ�WKH�FRQVWUXFWLRQ�RI�WUHHV�LQ�IRUHVWV� )LJXUH¬��JLYHV�DQ�H[DPSOH�RI
KRZ�&,)�79�SHUIRUPV�ZLWK�GLIIHUHQW�YDOXHV�RI�PWU\�LQ�WKH�VFHQDULR��7,� ��79��ZKHQ
WKH� FHQVRULQJ� UDWH� LV� ����� DQG� WKH� VLJQDO�WR�QRLVH� UDWLR� LV� ORZ��7KH�PWU\� YDOXHV� DUH
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WXQHG�EDVHG�RQ�WKH�´RXW�RI�EDJ�REVHUYDWLRQV�µ�6LPLODU�UHVXOWV�IRU�55)�79�DQG�76)�
79�FDQ�EH�IRXQG�LQ�6HFWLRQ�6����LQ�WKH�6XSSOHPHQWDO�0DWHULDO�

,Q� WKHVH� H[DPSOHV�� RQH� FDQ� VHH� WKDW� WKH� IRUHVWV� XVLQJ� WKH� ´RXW�RI�EDJµ� WXQLQJ
SURFHGXUH�JLYH�UHODWLYHO\�JRRG�SHUIRUPDQFH�RYHUDOO��,Q�IDFW��UHVXOWV�IURP�RWKHU�PRGHO
VHWXSV�DUH�EURDGO\�VLPLODU��LQ�WKH�VHQVH�WKDW�WKLV�WXQLQJ�SURFHGXUH�SURYLGHV�D�UHODWLYHO\
UHOLDEOH�FKRLFH�RI�PWU\�DQG�LW�JDLQV�LQ�DFFXUDF\�DV�WKH�QXPEHU�RI�VXEMHFWV� �LQFUHDVHV�
,Q�FRQWUDVW�� WKH�GHIDXOW�YDOXH�RI�PWU\�GRHV�QRW�DOZD\V�SHUIRUP�ZHOO��DQG�FKRRVLQJ�D
GLIIHUHQW�YDOXH�FDQ�VRPHWLPHV�VLJQLÀFDQWO\�LPSURYH�SHUIRUPDQFH�

7DEOH¬��JLYHV�H[DPSOHV�XQGHU�WKH�3+�VHWWLQJ�WR�VKRZ�WKH�SHUIRUPDQFH�FRPSDULVRQ
EHWZHHQ� HDFK� IRUHVW� ZLWK� LWV� GHIDXOW� SDUDPHWHU� VHWWLQJV� DQG� ZLWK� WKH� SURSRVHG
SDUDPHWHU�VHWWLQJV�

)LJXUH¬ ��� ,QWHJUDWHG� � GLIIHUHQFH� RI� &,)�79� ZLWK� GLIIHUHQW� � YDOXHV�� 'DWDVHWV� DUH
JHQHUDWHG� ZLWK� D� OLJKW� ULJKW�FHQVRULQJ� UDWH� ������� VXUYLYDO� WLPHV� IROORZLQJ� D� :HLEXOO�
,QFUHDVLQJ� GLVWULEXWLRQ�� )URP� WKH� WRS� URZ� WR� WKH� ERWWRP�� DUH� JLYHQ� UHVXOWV� IRU� WKH� OLQHDU�
QRQOLQHDU��DQG� LQWHUDFWLRQ�VXUYLYDO� UHODWLRQVKLS�� WKH�ÀUVW� WKUHH�FROXPQV�VKRZ� UHVXOWV�XQGHU
WKH�3+�VHWWLQJ� IRU� WKH�QXPEHU�RI� VXEMHFWV� �� UHVSHFWLYHO\��DQG� WKH� ODVW
WKUHH�FROXPQV�IRU�UHVXOWV�XQGHU�WKH�QRQ�3+�VHWWLQJ��,Q�HDFK�SORW���³&,)�79�ZLWK�
���³&,)�79�ZLWK� ���³&,)�79�ZLWK� ���³&,)�79�ZLWK� ����³
&,)�79�ZLWK� �� ��³&,)�79�ZLWK� ��2SW³&,)�79�ZLWK� YDOXH� RI�PWU\
WKDW� JLYHV� WKH� VPDOOHVW� ,QWHJUDWHG� � GLIIHUHQFH� LQ� HDFK� URXQG�� 7XQHG³&,)�79� ZLWK� WKH
YDOXH�RI� �WXQHG�E\�WKH�´RXW�RI�EDJµ�WXQLQJ�SURFHGXUH��7KH�GHIDXOW�YDOXH�LQ�FRQGLWLRQDO
LQIHUHQFH�IRUHVW�LV� �
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,Q�7DEOH¬���SRVLWLYH�QXPEHUV�LQGLFDWH�D�GHFUHDVH�LQ�LQWHJUDWHG� �GLIIHUHQFH�FRPSDUHG
WR�D�.DSODQ�0HLHU�ÀW�RQ�WKH�GDWDVHW��ZKLOH�QHJDWLYH�QXPEHUV�LQGLFDWH�DQ�LQFUHDVH��7KH
DEVROXWH� YDOXH� RI� WKH� QXPEHUV� UHSUHVHQWV� WKH� VL]H� RI� WKH� GLIIHUHQFH� EHWZHHQ� WKH
LQWHJUDWHG� � GLIIHUHQFH� RI� WKH� FDQGLGDWH� DQG� WKDW� RI� D�.DSODQ�0HLHU� ÀW�� 7KH� WDEOH
VKRZV� WKDW� IRUHVWV� ZLWK� WKH� SURSRVHG� SDUDPHWHU� VHWWLQJV� FDQ� SURYLGH� LPSURYHG
SHUIRUPDQFH�RYHU�WKRVH�ZLWK�GHIDXOW�SDUDPHWHU�VHWWLQJV�DFURVV�DOO�GLIIHUHQW�QXPEHU�RI
VXEMHFWV� �E\�D�VXEVWDQWLDO�DPRXQW��1RWH�WKDW��XQGHU�WKH�QRQ�3+�VHWWLQJ��IRU�GDWDVHWV
ZLWK� DOO� RI� WKH� FKDQJHV� LQ� FRYDULDWHV·� KLVWRU\�NQRZQ�� WKH�QHJDWLYH�QXPEHUV� LQGLFDWH
WKH�SRRU�SHUIRUPDQFH�RI� IRUHVWV�ZLWK�GHIDXOW�SDUDPHWHU� VHWWLQJV�HYHQ�FRPSDUHG� WR�D
VLPSOH�.DSODQ�0HLHU�FXUYH�� VKRZLQJ� WKDW� WKH�GHIDXOW�PHWKRGV�FDQ� IDLO�PLVHUDEO\�� ,Q
FRQWUDVW�� IRU� DOO� IRUHVWV� ZLWK� WKH� SURSRVHG� SDUDPHWHU� VHWWLQJV�� DV� � LQFUHDVHV�� WKH
FKDQJH� LQ� VLJQ� DQG� LQ� WKH� DEVROXWH� YDOXH� RI� WKH� QXPEHUV� LQGLFDWHV� EHWWHU� DQG� EHWWHU
SHUIRUPDQFH�LQ�JHQHUDO��2YHUDOO��WKH�SHUIRUPDQFH�RI�WKH�SURSRVHG�SDUDPHWHU�VHWWLQJ�LV
UHODWLYHO\�VWDEOH�DQG�EHWWHU�WKDQ�WKDW�RI�WKH�GHIDXOW�YDOXHV�
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,Q�WKH�IROORZLQJ�GLVFXVVLRQ��ZH�WKHUHIRUH�RQO\�IRFXV�RQ�WKH�IRUHVW�PHWKRGV�ZLWK�WKH
SURSRVHG�SDUDPHWHU�VHWWLQJV�

������3URSHUWLHV�RI�WKH�SURSRVHG�IRUHVW�PHWKRGV� 8VLQJ�IDFWRULDO�GHVLJQV��ZH�VWXG\
WKH� GLIIHUHQFH� EHWZHHQ� HDFK� RI� WKH� SURSRVHG� IRUHVW� PHWKRGV� DQG� D� VLPSOH� .DSODQ�
0HLHU� ÀW� XQGHU� WKH� HIIHFWV� RI� WKH� IROORZLQJ� IDFWRUV�� FHQVRULQJ� UDWH�� DPRXQW� RI
NQRZOHGJH��VXUYLYDO�UHODWLRQVKLS�� WUDLQLQJ�VDPSOH�VL]H��VFHQDULR��KD]DUGV�VHWWLQJ��DQG
615��7KH�HIIHFWV�DUH�HVWLPDWHG�EDVHG�RQ�DQ�DQDO\VLV�RI�YDULDQFH�PRGHO�ÀW�ZLWK�WKHVH
IDFWRUV�DV�PDLQ�HIIHFWV��)LJXUH¬��SURYLGHV�WKH�PDLQ�HIIHFWV�SORWV�IRU�WKH�LQWHJUDWHG�
GLIIHUHQFH� LPSURYHPHQW� IURP� WKH� SURSRVHG� IRUHVW� PHWKRGV� RYHU� D� VLPSOH� .DSODQ�
0HLHU�ÀW�

,Q�)LJXUH¬��� WKH� RYHUDOO� FHQWHU� RI� ORFDWLRQ� LV� QHJDWLYH�� KLJKOLJKWLQJ� WKDW� ERWK� RI� WKH
SURSRVHG� IRUHVW�PHWKRGV�SHUIRUP�EHWWHU� WKDQ�D� VLPSOH�.DSODQ�0HLHU�ÀW��7KH�RYHUDOO
PHDQ�LQWHJUDWHG� �GLIIHUHQFH�RI�&,)�79�LV�VOLJKWO\�VPDOOHU�WKDQ�WKDW�RI�55)�79��7KH
UHODWLYH�SHUIRUPDQFH�RI�WKH�SURSRVHG�IRUHVW�PHWKRGV�FDQ�YDU\�ZLWK�FKDQJHV�LQ�IDFWRUV�
1RWH�WKDW�WKH� �YDOXHV�RI�WKH�K\SRWKHVLV�WHVWLQJ�RQ�WKH�VLPSOH�PDLQ�HIIHFW�RI�615�LV
LQVLJQLÀFDQW�DW�D������OHYHO��ZKLFK�VXJJHVWV�WKDW�WKH�LPSDFW�RI�WKH�FKDQJH�RI�LWV�OHYHO
RQ� WKH� SHUIRUPDQFH� RI� WKH� SURSRVHG� IRUHVW� PHWKRGV� RYHU� D� .DSODQ�0HLHU� ÀW� LV
QHJOLJLEOH��PRUH�GHWDLOV�FDQ�EH�IRXQG�LQ�6HFWLRQ�6����LQ�WKH�6XSSOHPHQWDO�0DWHULDO��

)LJXUH¬���0DLQ� HIIHFWV� SORWV� RI� LQWHJUDWHG� � GLIIHUHQFH� LPSURYHPHQW� IURP� WKH� SURSRVHG
IRUHVWV� RYHU� D� VLPSOH� .DSODQ�0HLHU� ÀW�� *LYHQ� D� PHWKRG� � �&,)�79� RU� 55)�79��� WKH
GLIIHUHQFH� LPSURYHPHQW� LV� FRPSXWHG� DV� �� 7KH� VROLG� OLQH
JLYHV� WKH� ]HUR� YDOXH� DQG� WKH� GDVKHG� OLQH� JLYHV� WKH� PHDQ� YDOXH� RYHU� DOO� HIIHFWV� IRU� D
UHIHUHQFH�



���������������30 (QVHPEOH�PHWKRGV�IRU�VXUYLYDO�IXQFWLRQ�HVWLPDWLRQ�ZLWK�WLPH�YDU\LQJ�FRYDULDWHV

KWWSV���MRXUQDOV�VDJHSXE�FRP�GRL�HSXE�������������������������� �����

)RU�WKH�RWKHU�IDFWRUV��WKH�IHZHU�WKH�QXPEHU�RI�FKDQJHV�LQ�YDOXHV�RI�FRYDULDWHV�WKDW
DUH� NQRZQ�� KLJKHU� FHQVRULQJ� UDWH�� VPDOOHU� WUDLQLQJ� VDPSOH� VL]H�� ODUJHU� SRUWLRQ� RI
FRYDULDWHV� EHLQJ� WLPH�YDU\LQJ�� PRUH� UHOD[HG� DVVXPSWLRQ� RQ� WKH� KD]DUG� VHWWLQJ�� DQG
PRUH� FRPSOLFDWHG� VWUXFWXUH� RI� WKH� VXUYLYDO� UHODWLRQVKLS� �DOO� UHÁHFWLQJ�PRUH� GLIÀFXOW
HVWLPDWLRQ�WDVNV���WKH�OHVV�WKH�SURSRVHG�IRUHVW�PHWKRGV�LPSURYH�RYHU�D�VLPSOH�.DSODQ�
0HLHU� ÀW�� &RQYHUVHO\�� LQ� WKH� RSSRVLWH� VLWXDWLRQV�� WKH� VWURQJHU� WKH� DELOLW\� RI� WKH
SURSRVHG�IRUHVW�PHWKRGV�WR�HVWLPDWH�WKH�XQGHUO\LQJ�VXUYLYDO�UHODWLRQVKLS�DQG�WKHUHIRUH
EULQJ�D�JUHDWHU�LPSURYHPHQW�

,Q�SDUWLFXODU��WKH�WZR�SURSRVHG�IRUHVW�PHWKRGV�ZLQ�E\�D�PXFK�ODUJHU�PDUJLQ�XQGHU
WKH�3+�VHWWLQJ��ZKLFK�LV�H[SHFWHG�VLQFH�WKH�ORJ�UDQN�W\SH�VSOLWWLQJ�SURFHGXUHV�XVHG�LQ
WKH�SURSRVHG�IRUHVW�PHWKRGV�UHO\�WR�VRPH�H[WHQW�RQ�WKH�3+�DVVXPSWLRQ�

,W� LV�DOVR�FOHDU� WKDW� WKH�GLIIHUHQFH�EHWZHHQ�WKH�QXPEHU�RI� WLPH�LQYDULDQW� �7,��DQG
WKH�QXPEHU�RI�WLPH�YDU\LQJ��79��FRYDULDWHV�LV�GULYLQJ�WKH�VFHQDULR�HIIHFW��:KHQ��79�
��7,�LQFUHDVHV��WKH�UHODWLYH�SHUIRUPDQFH�RI�WKH�SURSRVHG�IRUHVW�PHWKRGV�GHWHULRUDWHV�

3UHVXPDEO\�� WKLV� LV�EHFDXVH� WKH� LQFUHDVLQJ� OHYHO�RI� ORFDO� WLPH�YDU\LQJ�HIIHFWV�PDNHV
WKH�XQGHUO\LQJ�UHODWLRQVKLS�PRUH�GLIÀFXOW�WR�HVWLPDWH�

1RWH�WKDW�WKH�LPSURYHPHQW�IURP�WKH�SURSRVHG�IRUHVW�PHWKRGV�RYHU�D�.DSODQ�0HLHU
ÀW�UHPDLQV�UHODWLYHO\�VWDEOH�WR�WKH�FKDQJH�RI�OHYHOV�LQ�ERWK�WKH�FHQVRULQJ�UDWH�DQG�WKH
VFHQDULR�IDFWRUV�FRPSDUHG�WR�WKH�FKDQJH�LQ�RWKHU�IDFWRUV��,Q�WKH�IROORZLQJ�GLVFXVVLRQ�
ZH�PDLQO\�IRFXV�RQ�WKH�IDFWRUV�WKDW�DUH�PRUH�LQÁXHQWLDO�EDVHG�RQ�RXU�SUHYLRXV�VWXG\�
WKH�QXPEHU�RI�FKDQJHV�LQ�YDOXHV�RI�FRYDULDWHV�WKDW�DUH�NQRZQ��WKH�XQGHUO\LQJ�VXUYLYDO
UHODWLRQVKLS�� WKH�VDPSOH�VL]H��DQG� WKH�KD]DUG�IXQFWLRQ�VHWWLQJ��7KH�VLPXODWLRQ�UHVXOWV
SUHVHQWHG�DUH�EDVHG�RQ�WKH�GDWDVHWV�JHQHUDWHG�XQGHU�WKH�VFHQDULR��7,� ��79��WKH�ORZHU
615��ZLWK�����FHQVRULQJ�UDWH�

������(VWLPDWLRQ�SHUIRUPDQFH�FRPSDULVRQ� )LJXUH¬��JLYHV�VLGH�E\�VLGH�ER[SORWV�RI
LQWHJUDWHG� �GLIIHUHQFH�GHÀQHG� LQ� ����� IRU�SHUIRUPDQFH�FRPSDULVRQ�XQGHU�GLIIHUHQW
PRGHO�VHWXSV��,W�VKRZV�WKDW�IRU� WKH� OLQHDU�VXUYLYDO�UHODWLRQVKLS�XQGHU� WKH�3+�VHWWLQJ�
WKH� H[WHQGHG� &R[� PRGHO� SHUIRUPV� WKH� EHVW�� 7KLV� LV� H[SHFWHG� DV� WKH� H[WHQGHG� &R[
PRGHO� UHOLHV�H[DFWO\�RQ� WKH�DVVXPSWLRQ�RI�3+�DQG�D� ORJ�OLQHDU� UHODWLRQVKLS�EHWZHHQ
WKH� KD]DUG� IXQFWLRQ� DQG� FRYDULDWHV�� )RU� QRQOLQHDU� DQG� LQWHUDFWLRQ� VXUYLYDO
UHODWLRQVKLSV��DOO�IRUHVWV�RXWSHUIRUP�WKH�H[WHQGHG�&R[�PRGHO��VKRZLQJ�WKHLU�DGYDQWDJH
LQ�GHDOLQJ�ZLWK�D�UHODWLYHO\�FRPSOH[�VLWXDWLRQ��0RUH�VSHFLÀFDOO\��IRU�QRQOLQHDU�VHWXSV�
&,)�79� SHUIRUPV� WKH� EHVW� DQG� 55)�79� WKH� VHFRQG�� ZKLOH� IRU� LQWHUDFWLRQ� PRGHO
VHWXSV��55)�79�SHUIRUPV�WKH�EHVW�DQG�&,)�79�WKH�VHFRQG��,Q�DGGLWLRQ��&,)�79�DQG
55)�79� RXWSHUIRUP� 76)�79� DFURVV� DOO� GLIIHUHQW� QXPEHU� RI� VXEMHFWV� DQG� VXUYLYDO
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UHODWLRQVKLSV�� 8QGHU� WKH� QRQ�3+� VHWWLQJ�� WKH� H[WHQGHG� &R[� PRGHO� FDQQRW� HYHQ
RXWSHUIRUP�D�VLPSOH�.DSODQ�0HLHU�ÀW�RQ�WKH�GDWDVHW��ZKHWKHU�DOO�FKDQJHV�LQ�YDOXHV�RI
FRYDULDWHV� DUH� NQRZQ� RU� QRW�� $V� GLVFXVVHG�� WKH� SUHVHQFH� RI� QRQ�3+� VHWWLQJV� SRVHV
JUHDW� FKDOOHQJHV� WR� PRGHOLQJ� PHWKRGV� WKDW� DVVXPH� 3+�� QRW� MXVW� &R[�� EXW� DOVR� WKH
VXUYLYDO� IRUHVWV� OLNH�&,)�79�DQG�55)�79� WKDW� XVH� D� ORJ�UDQN� VSOLWWLQJ� UXOH��2Q� WKH
RWKHU� KDQG�� 76)�79�� ZKLFK� LV� VSHFLÀFDOO\� GHVLJQHG� WR� GHWHFW� QRQ�3+� GHYLDWLRQV�
SHUIRUPV�WKH�EHVW�DFURVV�DOO�GLIIHUHQW�VHWXSV�XQGHU�WKH�QRQ�3+�VHWWLQJ�

,W�LV�QRW�VXUSULVLQJ�WKDW�KDYLQJ�DOO�FKDQJHV�LQ�YDOXHV�NQRZQ�JLYHV�LQFUHDVLQJO\�EHWWHU
SHUIRUPDQFH�FRPSDUHG�WR�RQO\�KDYLQJ�KDOI�RI�WKH�FKDQJHV�NQRZQ�DV�WKH�VDPSOH�VL]H
LQFUHDVHV��$V� �LQFUHDVHV��IDOVH�LQIRUPDWLRQ�GXH�WR�XQNQRZQ�FKDQJHV�KDV�D�QHJDWLYH
HIIHFW�RQ�SHUIRUPDQFH�RI�DOO�PRGHOLQJ�PHWKRGV��,Q�SDUWLFXODU��WKLV�DIIHFWV�WKH�H[WHQGHG
&R[�PRGHO�PRUH�WKDQ�WKH�IRUHVW�PHWKRGV�ZKHQ�WKH�XQGHUO\LQJ�VXUYLYDO�UHODWLRQVKLS�LV
OLQHDU�XQGHU�WKH�3+�VHWWLQJ��ZKLOH�LW�DIIHFWV�WKH�H[WHQGHG�&R[�PRGHO�OHVV�IRU�DOO�RWKHU
FDVHV�� 7KLV� LV� VLPSO\� EHFDXVH� WKH� H[WHQGHG� &R[�PRGHO� DOUHDG\� SHUIRUPV� SRRUO\� LQ

)LJXUH¬���%R[SORWV�RI� LQWHJUDWHG� �GLIIHUHQFH� IRU�SHUIRUPDQFH�FRPSDULVRQ��'DWDVHWV�DUH
JHQHUDWHG� ZLWK� VXUYLYDO� WLPHV� IROORZLQJ� D� :HLEXOO� GLVWULEXWLRQ�� OLJKW� ULJKW�FHQVRULQJ� UDWH
������� 7KH� WKUHH� URZV� VKRZ� UHVXOWV� IRU� WKH� QXPEHU� RI� VXEMHFWV� �
UHVSHFWLYHO\�� WKH� ÀUVW� WKUHH� FROXPQV� VKRZ� UHVXOWV� XQGHU� WKH� 3+� VHWWLQJ� IRU� VXUYLYDO
UHODWLRQVKLS� OLQHDU�� QRQOLQHDU�� DQG� LQWHUDFWLRQ�� UHVSHFWLYHO\�� DQG� WKH� ODVW� WKUHH� FROXPQV� IRU
UHVXOWV�XQGHU�WKH�QRQ�3+�VHWWLQJ��7KH�KRUL]RQWDO�GDVKHG�OLQH�VKRZV�WKH�PHGLDQ�LQWHJUDWHG�

�GLIIHUHQFH�RI�D�.DSODQ�0HLHU�ÀW�RQ�WKH�GDWDVHWV��,Q�HDFK�RI�WKH�SORWV��WKH�VHW�RI�ER[SORWV
OLJKWO\� VKDGHG� VKRZV� WKH� SHUIRUPDQFH� RI� GLIIHUHQW� PHWKRGV� RQ� GDWDVHWV� ZLWK� KLVWRU\� RI
FKDQJHV� LQ� FRYDULDWHV·� YDOXHV� NQRZQ�� WKH� VHW� KHDYLO\� VKDGHG� VKRZV� WKH� SHUIRUPDQFH� RQ
GDWDVHWV�ZLWK�KDOI�RI�WKH�FKDQJHV�LQ�FRYDULDWHV·�YDOXHV�XQNQRZQ�
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QRQOLQHDU� DQG� QRQ�3+� VLWXDWLRQV�� VR� WKH� PLVOHDGLQJ� LQIRUPDWLRQ� IURP� LQFRUUHFW
NQRZOHGJH�RI�FRYDULDWHV·�YDOXHV�FDQQRW�KXUW�SHUIRUPDQFH�YHU\�PXFK�

*HQHUDOO\��LI�WKH�WUXH�XQGHUO\LQJ�PRGHO�VHWXS�LV�NQRZQ��RQH�VKRXOG�FKRRVH�&,)�79
RU�55)�79�XQGHU� WKH�3+�VHWWLQJ��DQG�76)�79�XQGHU� WKH�QRQ�3+�VHWWLQJ��+RZHYHU�
QRQH�RI� WKH�IRUHVW�PHWKRGV�FDQ�SHUIRUP�ZHOO�DOO�RI� WKH� WLPH�� ,Q� WKH�QH[W�VHFWLRQ��ZH
SURYLGH�JXLGDQFH�RQ�KRZ�WR�FKRRVH�DPRQJ�WKHVH�IRUHVW�PHWKRGV�

������*XLGDQFH�IRU�FKRRVLQJ�WKH�PRGHOLQJ�PHWKRG� &URVV�YDOLGDWLRQ�PHWKRGV�KDYH
EHHQ�XVHG�LQ�WKH�SDVW�IRU�WKH�HUURU�HVWLPDWLRQ�RI�VXUYLYDO�PRGHOV����:H�SURSRVH�WR�XVH
RQH� RI� WKH� PRVW� FRPPRQ� PHWKRGV�� �IROG� FURVV�YDOLGDWLRQ�� LPSOHPHQWHG� ZLWK
LQWHJUDWHG�%ULHU�VFRUHV� IRU�VXUYLYDO�GDWD�� WR�VHOHFW� WKH�´EHVWµ�PRGHOLQJ�PHWKRG�IRU�D
JLYHQ�GDWDVHW� �DV�IROORZV�

)RU�D�JLYHQ�VXUYLYDO�FXUYH�HVWLPDWH� �

L� 6SOLW�WKH�GDWDVHW�LQWR� �QRQ�RYHUODSSLQJ�VXEVHWV� � ��HDFK
FRQWDLQLQJ��URXJKO\��HTXDO�QXPEHU�RI�VXEMHFWV�

LL� )RU�HDFK�
D� 0RGHOLQJ�PHWKRGV� �DUH�WKHQ�WUDLQHG�ZLWK�WKH�GDWD� �ZKHUH�WKH� �WK

VXEVHW�LV�UHPRYHG�
E� 7HVW� � RQ� GDWD� LQ� WKH� �WK� WHVW� VHW� � DQG� FRPSXWH� WKH� FRUUHVSRQGLQJ

LQWHJUDWHG�%ULHU�VFRUH� �DV�JLYHQ�LQ�����
LLL� $YHUDJH�RYHU�DOO� �VXEVHWV�DQG�REWDLQ

����

:H�WKHQ�FKRRVH�WKH�PRGHOLQJ�PHWKRG�WKDW�JLYHV�WKH�VPDOOHVW� �LQ������
)RU� WKH� VLPXODWHG� GDWD� VHWV�� ZH� XVH� �IROG� FURVV�YDOLGDWLRQ� WR� FKRRVH� EHWZHHQ

PRGHOLQJ� PHWKRGV�� 7KH� PHDVXUHV� �� �� DQG� � DUH� XVHG� WR� HYDOXDWH� WKH
SHUIRUPDQFH�

����
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ZKHUH� � GHQRWHV� WKH� QXPEHU� RI� VLPXODWLRQV� � ��� � GHQRWHV� WKH
LQWHJUDWHG� �GLIIHUHQFH�RI�WKH�PHWKRG�FKRVHQ�E\�FURVV�YDOLGDWLRQ��DQG� �DQG�
GHQRWH�WKH�ORZHVW�DQG�KLJKHVW�LQWHJUDWHG� �GLIIHUHQFHV�DPRQJ�DOO�PRGHOLQJ�PHWKRGV�
UHVSHFWLYHO\��,Q�HDFK�URXQG�RI�VLPXODWLRQ��ZH�FDOO�WKH�PHWKRG�WKDW�JLYHV� �WKH�EHVW
PRGHOLQJ�PHWKRG� DQG� WKH�PHWKRG� WKDW� JLYHV� � WKH� ZRUVW�PRGHOLQJ�PHWKRG�� %\
GHÀQLWLRQ�� �SURYLGHV�WKH�SURSRUWLRQ�RI�WKH�WLPHV�,%6�EDVHG� �IROG�&9�VHOHFWV�WKH
EHVW�PRGHOLQJ�PHWKRG��DQG� �DQG� �FRPSXWH�WKH�UHODWLYH�HUURUV�IURP�WKH�EHVW�DQG
WKH�ZRUVW�PRGHOLQJ�PHWKRG��UHVSHFWLYHO\��7KH�VPDOOHU� � LV��RU� WKH�ODUJHU� � LV�� WKH
EHWWHU�,%6�EDVHG� �IROG�&9�ZRUNV�

7DEOH¬�� SUHVHQWV� WKH� VXPPDU\� RI� WKH� SHUIRUPDQFH� RI� WKH� ,%6�EDVHG� ���IROG�&9
UXOH��,W�LV�QRW�VXUSULVLQJ�WKDW�,%6�EDVHG����IROG�&9�ZRUNV�EHWWHU�XQGHU�&DVH�,�ZKHUH
DOO�FKDQJHV�LQ�FRYDULDWH�YDOXHV�DUH�NQRZQ�LQ�JHQHUDO��ZLWK�ODUJHU�YDOXHV�RI� ��VPDOOHU
YDOXHV�RI� � DQG� ODUJHU�YDOXHV�RI� ��7KDW� LV�� WKH� LQFRUUHFW�NQRZOHGJH�RI�FRYDULDWH
YDOXHV� DOVR� KXUWV� WKH� SHUIRUPDQFH� RI� WKH� VHOHFWLRQ� SURFHGXUH�� ,Q� JHQHUDO�� DV� WKH
QXPEHU�RI�VXEMHFWV� �LQFUHDVHV��WKH�YDOXH�RI� �JHWV�ODUJHU�IRU�PRVW�RI�WKH�VFHQDULRV�
LQGLFDWLQJ� ,%6�EDVHG� ���IROG�&9� LV� DEOH� WR� SLFN� XS� WKH� EHVW�PRGHOLQJ�PHWKRG� DW� D
KLJKHU�IUHTXHQF\��HYHQ�XQGHU�WKRVH�VFHQDULRV�ZKHUH� �LV�ORZHU�WKDQ������WKH�UHODWLYH
HUURU� IURP�WKH�EHVW�PRGHOLQJ�PHWKRG� � UHPDLQV�ZLWKLQ�����IRU�PRVW�RI� WKH�FDVHV�
1RWH� WKDW�PRUH� WKDQ�KDOI�RI� WKH�FDVHV� IRU� �KDYH� WKH� UHODWLYH�HUURU� IURP� WKH
EHVW�PRGHOLQJ�PHWKRG� �OHVV�WKDQ�����DQG�DOPRVW�DOO�RI�WKH�FDVHV�IRU� �KDYH

�XQGHU�����7KDW�PHDQV�WKDW�HYHQ�ZKHQ�WKH�,%6�EDVHG����IROG�&9�GRHV�QRW�SLFN�WKH
EHVW�PRGHOLQJ�PHWKRG�� LW� LV� VWLOO� DEOH� WR� SLFN� D�PHWKRG� WKDW�ZRUNV� UHDVRQDEO\�ZHOO�
UHVXOWLQJ�LQ�WKH�LQWHJUDWHG� �GLIIHUHQFH�EHLQJ�QRW�PXFK�KLJKHU� WKDQ�WKDW�RI� WKH�EHVW
PHWKRG�
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����3URSRVHG�IRUHVW�PHWKRGV�IRU�WLPH�LQYDULDQW�FRYDULDWH�GDWD

:H�KDYH�IRFXVHG�RQ�HQVHPEOH�PHWKRGV�IRU�VXUYLYDO�GDWD�ZLWK�WLPH�YDU\LQJ�FRYDULDWHV�
DV� ZH� IHHO� WKDW� WKLV� LV� D� YHU\� FRPPRQ� DQG� LPSRUWDQW� VLWXDWLRQ� WKDW� KDV� EHHQ
XQGHUVWXGLHG�LQ�WKH�SDVW��+DYLQJ�VDLG�WKDW��WKHUH�DUH�FHUWDLQO\�PDQ\�VLWXDWLRQV�LQ�ZKLFK
RQO\� WLPH�LQYDULDQW� �EDVHOLQH�� FRYDULDWH� LQIRUPDWLRQ� LV� DYDLODEOH�� DQG� XQGHUVWDQGLQJ
WKH� SURSHUWLHV� RI� GLIIHUHQW�PHWKRGV� LQ� WKDW� VLWXDWLRQ� LV� LPSRUWDQW�� 6HFWLRQ� 6�� LQ� WKH
6XSSOHPHQWDO�0DWHULDO�GHVFULEHV�WKH�UHVXOWV�RI�VLPXODWLRQV�UHODWHG�WR�WKLV�TXHVWLRQ��,Q
WKRVH� VLPXODWLRQV�� GDWDVHWV�ZLWK� OHIW�WUXQFDWHG� DQG� ULJKW�FHQVRUHG� VXUYLYDO� WLPHV� DUH
JHQHUDWHG�EDVHG�RQ�WLPH�LQYDULDQW�FRYDULDWHV�

,Q� IDFW�� WKH� VLPXODWLRQ� UHVXOWV� RI� DOO� FRPSDUDWLYH� HVWLPDWLRQ� SHUIRUPDQFH� LQ� WKH
FDVH� RI� WLPH�LQYDULDQW� FRYDULDWHV� DUH� EURDGO\� VLPLODU� WR� WKRVH� LQ� WKH� WLPH�YDU\LQJ
FRYDULDWHV�FDVHV��7KDW�LV�

�� 7KH� ´RXW�RI�EDJµ� WXQLQJ�SURFHGXUH� FDQ�SURYLGH� D� UHOLDEOH� FKRLFH�RI�PWU\� WKDW
JLYHV� UHODWLYHO\� JRRG� SHUIRUPDQFH� LQ� JHQHUDO�� 2QH� VKRXOG� DOVR� FRQVLGHU
DGMXVWLQJ�RWKHU�WXQLQJ�SDUDPHWHUV�VXFK�DV�PLQVSOLW��PLQEXFNHW�LQ�WKH�FRQGLWLRQDO
LQIHUHQFH�IRUHVW�DQG�WKH�WUDQVIRUPDWLRQ�IRUHVW��DQG�QRGHVL]H�LQ�UDQGRP�VXUYLYDO
IRUHVW��DV�WKH�VL]H�RI�GDWDVHW�JURZV�

�� 7DNLQJ�LQWR�DQ�DFFRXQW�DOO�RWKHU�IDFWRUV��XQGHU�WKH�3+�VHWWLQJ��WKH�EHVW�PHWKRG
LV�DOZD\V�RQH�RI�WKH�WZR�SURSRVHG�IRUHVWV��ZKLOH�XQGHU�WKH�QRQ�3+�VHWWLQJ��LW�LV
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WKH�WUDQVIRUPDWLRQ�IRUHVW�PHWKRG�
�� 7KH� ,%6�EDVHG� &9� UXOH� LV� D� JRRG� RSWLRQ� IRU� FKRRVLQJ� DPRQJ� WKH� YDULRXV

PHWKRGV�� DV� WKH� FRPSDUDWLYH� SHUIRUPDQFH� RI�PHWKRGV� DSSHDUV� WR� EH� GLIIHUHQW
IURP�VHWWLQJ�WR�VHWWLQJ�

����5HDO�GDWD�DSSOLFDWLRQ

:H�QRZ�LOOXVWUDWH�DSSOLFDWLRQ�RI�WKH�SURSRVHG�WLPH�YDU\LQJ�FRYDULDWHV�IRUHVWV�WR�D�UHDO
GDWD�VHW��WKH�0D\R�&OLQLF�3ULPDU\�%LOLDU\�&LUUKRVLV�'DWD��DYDLODEOH�LQ�WKH�5�SDFNDJH
VXUYLYDO�� 7R� VWXG\� WKH� HIIHFWLYHQHVV� RI� XVLQJ� �SHQLFLOODPLQH� DV� WUHDWPHQW�� ���
SDWLHQWV�ZLWK�SULPDU\�ELOLDU\�FLUUKRVLV��3%&��ZHUH�HQUROOHG�LQ�D�UDQGRPL]HG�PHGLFDO
WULDO�DW�WKH�0D\R�&OLQLF�IURP�-DQXDU\������WR�0D\���������7KH�RXWFRPH�RI�LQWHUHVW�LV
WKH� WLPH� WR� GHDWK� IRU� WKHVH� SDWLHQWV�� ,Q� WKLV� VWXG\��PHGLFDO�PHDVXUHPHQWV� DQG� RWKHU
SDWLHQW� LQIRUPDWLRQ� ZHUH� UHFRUGHG� DV� FRYDULDWHV·� YDOXHV� DW� HQWU\� DQG� DW� \HDUO\
LQWHUYDOV��7KH�&R[�PRGHO�ZDV�XVHG�WR�HVWLPDWH�WKH�VXUYLYDO�IXQFWLRQ�IRU�SDWLHQWV�ZLWK
SULPDU\� ELOLDU\� FLUUKRVLV� EDVHG� RQ� ��� QRQLQYDVLYH�� HDVLO\� FROOHFWHG� FRYDULDWHV� WKDW
UHTXLUH�RQO\�D�EORRG�VDPSOH�DQG�FOLQLFDO�HYDOXDWLRQ����7KHVH����FRYDULDWHV�LQFOXGH�DJH
DW�HQWU\��DONDOLQH�SKRVSKRWDVH��8�/���ORJDULWKP�RI�VHUXP�DOEXPLQ��J�G/���SUHVHQFH�RI
DVFLWHV�� DVSDUWDWH� DPLQRWUDQVIHUDVH� �8�P/��� ORJDULWKP� RI� VHUXP� ELOLUXELQ� �PJ�G/��
VHUXP�FKROHVWHURO��PJ�G/���FRQGLWLRQ�RI�HGHPD��SUHVHQFH�RI�KHSDWRPHJDO\�RU�HQODUJHG
OLYHU�� SODWHOHW� FRXQW�� ORJDULWKP� RI� SURWKURPELQ� WLPH� DQG� SUHVHQFH� RU� DEVHQFH� RI
VSLGHUV��$V�WKH�VWXG\�ZDV�H[WHQGHG�IRU�DQRWKHU�IRXU�\HDUV��D�WRWDO�RI������YLVLWV�ZHUH
JHQHUDWHG��$OO�RI�WKH����FRYDULDWHV�H[FHSW�DJH�EHFRPH�WLPH�YDU\LQJ�FRYDULDWHV�LQ�WKH
IROORZ�XS�GDWD��$W� WKH�HQG�RI� WKH�IROORZ�XS�VWXG\������RI� WKH�����SDWLHQWV�ZHUH�VWLOO
DOLYH������KDG�GLHG��DQG�WKUHH�KDG�EHHQ�ORVW�FRQWDFW�ZLWK��7KH�H[WHQGHG�VWXG\�DOORZV
WKH�UHVHDUFKHUV�WR�VWXG\�WKH�HIIHFWV�RI�WKH�FKDQJHV�LQ�WKH�SURJQRVWLF�YDULDEOHV��DV�WLPH�
YDU\LQJ� FRYDULDWHV���� :H� WKHUHIRUH� ÀW� WKH� SURSRVHG� IRUHVW� PHWKRGV� DV� ZHOO� DV� WKH
H[WHQGHG�&R[�PRGHO���RQ�WKH�GDWDVHW�ZLWK�WLPH�YDU\LQJ�FRYDULDWHV�IURP�WKH�H[WHQGHG
VWXG\��1RWH�WKDW�HVWLPDWHV�RI�WKLV�NLQG�IRU�GLIIHUHQW�VHWV�RI�FRYDULDWH�YDOXHV�RYHU�WLPH
FDQ� EH� XVHIXO� LQ� SURYLGLQJ� JXLGDQFH� IURP� D� SXEOLF� SROLF\� SRLQW� RI� YLHZ�� DV� WKH\
KLJKOLJKW� WKH�GLIIHUHQW�DYHUDJH� VXUYLYDO�H[SHULHQFHV�RI�GLIIHUHQW� VXESRSXODWLRQV�ZLWK
GLIIHUHQW�FRYDULDWH�SDWKV��7R�EHWWHU�LOOXVWUDWH�WKH�HIIHFWV�RI�WKH�WLPH�YDU\LQJ�FRYDULDWHV�
ZH�DOVR�FRQVLGHU�WKH�FRUUHVSRQGLQJ�WLPH�LQYDULDQW�GDWDVHW�ZKHUH�WKH�FRYDULDWH�YDOXHV
DUH�QHYHU�XSGDWHG�DIWHU�WKH�LQLWLDO�REVHUYDWLRQ��)RU�SHUIRUPDQFH�FRPSDULVRQ��WKH�%ULHU
VFRUH�EDVHG� �IROG� FURVV�YDOLGDWLRQ� HUURU� DW� WKH� �WK� UHFRUGLQJ� GD\� LV� FRPSXWHG� IRU
HDFK�PHWKRG�RQ�ERWK�WKH�WLPH�YDU\LQJ�DQG�WLPH�LQYDULDQW�FRYDULDWH�GDWDVHWV��DV�VKRZQ
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LQ� )LJXUH¬ ��� 7KH� FRUUHVSRQGLQJ� LQWHJUDWHG� %ULHU� VFRUH� FURVV�YDOLGDWLRQ� UHVXOWV� DUH
JLYHQ�LQ�7DEOH¬��

)LJXUH¬��VKRZV�WKDW�WKH�FURVV�YDOLGDWLRQ�HUURUV�IURP�DOO�PHWKRGV�RQ�WKH�WLPH�YDU\LQJ
FRYDULDWH�GDWDVHW�DUH�ORZHU�WKDQ�WKH�FRUUHVSRQGLQJ�RQHV�LQ�WKH�WLPH�LQYDULDQW�FRYDULDWH
GDWDVHW� DIWHU� �� ZKLFK� VXJJHVWV� WKDW� WKH� XSGDWHG� FRYDULDWH� LQIRUPDWLRQ� FDQ
VLJQLÀFDQWO\� LPSURYH� SHUIRUPDQFH�� *LYHQ� WKH� UHVXOWV� RQ� WKH� WLPH�YDU\LQJ� FRYDULDWH
GDWD�LQ�)LJXUH¬���RQH�FDQ�VHH�WKDW�WKH�GLIIHUHQFHV�LQ�SHUIRUPDQFH�DUH�UHODWLYHO\�VPDOO�
7KH� H[WHQGHG� &R[� PRGHO� VOLJKWO\� RXWSHUIRUPV� WKH� RWKHUV� EHIRUH� �� ZKHUH
DURXQG� ���� RI� WKH� VXEMHFWV� DUH� VWLOO� DW� ULVN�� &,)�79� DQG� 76)�79� JLYH� WKH� EHVW
SHUIRUPDQFH�EHWZHHQ� �DQG� ��$IWHU� �� VLQFH� WKH�UHVXOWV�DUH
EDVHG� RQ� YHU\� IHZ� IDLOXUHV� �JLYHQ� RQO\� ���� RI� VXEMHFWV� DUH� VWLOO� DW� ULVN��� WKH� %ULHU
VFRUHV� DUH� KLJKO\� YDULDEOH� DQG�QRW� DV� UHOLDEOH��1RWH� WKDW� WKH�%ULHU� VFRUH� UHVXOWV� DOVR
VXJJHVW�WKDW�WKH�VXUYLYDO�UHODWLRQVKLS�EHWZHHQ�WKH�KD]DUGV�DQG�FRYDULDWHV�LV�UHODWLYHO\
�ORJ��OLQHDU� IRU� �� EXW� QRW� IRU� �� %DVHG� RQ� WKHVH� %ULHU� VFRUH�EDVHG

)LJXUH¬���%ULHU�VFRUH�EDVHG� �IROG� FURVV�YDOLGDWLRQ�HUURUV�DW� �WK� UHFRUGLQJ�GD\�SURYLGHG
IRU�����WKH�H[WHQGHG�&R[�PRGHO��&,)�79��55)�79��DQG�76)�79�RQ�WKH�3%&�GDWD�ZLWK�WLPH�
YDU\LQJ�FRYDULDWH�YDOXHV�REWDLQHG�LQ�WKH�H[WHQGHG�VWXG\������&R[�PRGHO��&,)��55)��DQG�76)
RQ�WKH�3%&�GDWDVHW�ZLWK�RQO\�WKH�LQLWLDO�FRYDULDWH�YDOXHV��L�H��ZLWK�WLPH�LQYDULDQW�FRYDULDWHV��
7KH�UHVXOWV�DUH�VKRZQ�XS�WR�WLPH�SRLQW�ZKHUH�RQO\����RI�WKH�VXEMHFWV�DUH�VWLOO�DW�ULVN�
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FURVV�YDOLGDWLRQ� UHVXOWV�� ZH� ZRXOG� UHFRPPHQG� DQ� H[WHQGHG� &R[� PRGHO� IRU�
�� DQG� &,)�79� IRU� �� 7DEOH¬ �� VKRZV� WKDW� &,)�79� JLYHV� WKH

ORZHVW� FRUUHVSRQGLQJ� LQWHJUDWHG� %ULHU� VFRUH� FURVV�YDOLGDWLRQ� HUURUV�� VXJJHVWLQJ� WKDW
&,)�79� SURYLGHV� WKH� EHVW� HVWLPDWHG� DFFXUDF\� RYHUDOO�� ,Q� SUDFWLFH�� ZKHUH� WKH
XQGHUO\LQJ� WUXH� VXUYLYDO� GLVWULEXWLRQ� PD\� SRVVHVV� D� FRPSOH[� VWUXFWXUH� ZLWK� WLPH�
YDU\LQJ� IHDWXUHV�� D� SORW� RI� WKH� FURVV�YDOLGDWLRQ�EDVHG� %ULHU� VFRUHV� DV� VKRZQ� LQ
)LJXUH¬��FDQ�SRWHQWLDOO\�KHOS�GDWD�DQDO\VWV�PDNH�EHWWHU�FKRLFHV�IRU�VXUYLYDO�HVWLPDWLRQ
DW�GLIIHUHQW�WLPH�SRLQWV��FRPSDUHG�WR�D�XQLYHUVDO�FKRLFH�RI�PHWKRG�IRU�DOO�WLPH�SRLQWV�

��'LVFXVVLRQ

7KH�HVWLPDWLRQ�RI�D�SRSXODWLRQ�OHYHO�VXUYLYDO�SUREDELOLWLHV�IRU�WLPH�YDU\LQJ�FRYDULDWH
GDWD�DUH�XVHIXO�LQ�PDQ\�VXUYLYDO�DQDO\VLV�VHWWLQJV��FDXVDO�LQIHUHQFH�UHVHDUFK�EHLQJ�DQ
LPSRUWDQW� H[DPSOH�� $GGLWLRQDO� FKDOOHQJHV� DULVH� ZKHQ� FRQVLGHULQJ� WLPH�YDU\LQJ
WUHDWPHQW� UHJLPHQV�� 7R� GUDZ� UHDO�ZRUOG� HYLGHQFH� DERXW� WKH� HIIHFWLYHQHVV� RI� VXFK
UHJLPHQV�RQ�SDWLHQW�VXUYLYDO��WKH�NH\�LV�WR�DFFRXQW�IRU�WKH�WLPH�YDU\LQJ�FRQIRXQGLQJ
HIIHFWV� DQG� RQH� ZD\� WR� DGGUHVV� WKLV� LVVXH� LV� E\� XVLQJ� WKH� LQYHUVH� SUREDELOLW\� RI
WUHDWPHQW�ZHLJKWLQJ�������)RU�VXUYLYDO�GDWD��WKH�HVWLPDWLRQ�RI�WKH�WLPH�YDU\LQJ�ZHLJKWV
FDQ� SRWHQWLDOO\� EH� LPSURYHG� E\� XVLQJ� ÁH[LEOH� WUHH�EDVHG� PHWKRGV� DOORZLQJ� WLPH�
YDU\LQJ�FRYDULDWHV��FRQIRXQGHUV���$�UHFHQW�ZRUN���WKDW�XVHV�/75&�IRUHVWV�VKRZV�WKDW
WKH�XVH�RI�PRUH�ÁH[LEOH�PRGHOV�IRU�WKH�HVWLPDWLRQ�RI�WLPH�YDU\LQJ�ZHLJKWV�FDQ�OHDG�WR
PRUH�DFFXUDWH�WUHDWPHQW�HIIHFW�HVWLPDWLRQ�

,Q� WKLV� SDSHU��ZH� SURSRVH� H[WHQGLQJ� WKH� UHODWLYH� ULVN�� FRQGLWLRQDO� LQIHUHQFH�� DQG
WUDQVIRUPDWLRQ� IRUHVWV� WR� SURYLGH� VXUYLYDO� IXQFWLRQ� HVWLPDWLRQ� ZLWK� WLPH�YDU\LQJ
FRYDULDWHV��7KH�H[WHQVLRQ�RI�UDQGRP�VXUYLYDO�IRUHVWV���IRU�FXPXODWLYH�KD]DUG�IXQFWLRQ
HVWLPDWLRQ�ZLWK�WLPH�YDU\LQJ�FRYDULDWHV�EDVHG�RQ�ORJ�UDQN�W\SH�VSOLWWLQJ�UXOHV�UHTXLUHV
UHIRUPXODWLRQ� RI� WKH� ORJ�UDQN� WHVW� VWDWLVWLFV������ DQG�RU� WKH� ORJ�UDQN� VFRUHV���� )RU� D
ORJ�UDQN�VFRUH�UXOH��RQH�FDQ�PDNH�XVH�RI�WKH�ORJ�UDQN�VFRUH�VSHFLÀHG�LQ������+RZHYHU�
LQ�WKLV�FDVH�RQH�FDQQRW�FRQVWUXFW�WKH�H[WHQVLRQ�E\�PRGLI\LQJ�WKH�FXVWRP�VSOLWWLQJ�UXOH
IHDWXUH� DQG� HPSOR\LQJ� WKH� IDVW� &� FRGH� IURP� UDQGRP)RUHVW65&�� VLQFH� LWV� EDVLF
VWUXFWXUH� RQO\� DOORZV� IRU� ULJKW�FHQVRUHG� VXUYLYDO�� $� IDVW� DQG� HIÀFLHQW� DOJRULWKP� WR
FRQVWUXFW� UDQGRP� VXUYLYDO� IRUHVWV� IRU� OHIW�WUXQFDWHG� ULJKW�FHQVRUHG� VXUYLYDO� GDWD� LV
QHHGHG��DQG�LV�D�JRDO�RI�IXWXUH�ZRUN�

��&RQFOXVLRQ
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,Q�WKLV�SDSHU��ZH�KDYH�SURSRVHG�WZR�QHZ�HQVHPEOH�DOJRULWKPV��&,)�79�DQG�55)�79�
DQG�DGDSWHG�WKH�WUDQVIRUPDWLRQ�DOJRULWKP��76)�79��7KHVH�WKUHH�IRUHVW�DOJRULWKPV�FDQ
KDQGOH� �OHIW�WUXQFDWHG�� ULJKW�FHQVRUHG�VXUYLYDO�GDWD�ZLWK� WLPH�YDU\LQJ�FRYDULDWHV�DQG
SURYLGH� G\QDPLF� HVWLPDWLRQ�� 7KH� WXQLQJ� SDUDPHWHUV� LQ� WKH� SURSRVHG� IRUHVW�PHWKRGV
IRU� VXUYLYDO� GDWD� ZLWK� WLPH�YDU\LQJ� FRYDULDWHV� DIIHFW� WKHLU� RYHUDOO� SHUIRUPDQFH�
*XLGDQFH� RQ� KRZ� WR� FKRRVH� WKRVH� SDUDPHWHUV� LV� SURYLGHG� WR� LPSURYH� RQ� WKH
SRWHQWLDOO\�SRRU�SHUIRUPDQFH�RI�IRUHVWV�ZLWK�WKH�GHIDXOW�SDUDPHWHU�VHWWLQJV�

7KH� HVWLPDWLRQ� SHUIRUPDQFH� RI� WKH� SURSRVHG� IRUHVW� PHWKRGV� LV� LQYHVWLJDWHG� WR
XQGHUVWDQG� KRZ� WKH� LPSURYHPHQW� RYHU� D� .DSODQ�0HLHU� ÀW� LV� UHODWHG� WR� FKDQJHV� LQ
GLIIHUHQW�IDFWRUV��)RFXVLQJ�RQ�WKH�PRUH�LQÁXHQWLDO�IDFWRUV��WKH�HVWLPDWLRQ�SHUIRUPDQFH
FRPSDULVRQ�DJDLQVW�RWKHU�PHWKRGV�VKRZV�WKDW�WKH�SURSRVHG�IRUHVW�PHWKRGV�RXWSHUIRUP
RWKHUV� XQGHU� FHUWDLQ� FLUFXPVWDQFHV��ZKLOH� QR�PHWKRG� FDQ�GRPLQDWH� LQ� DOO� FDVHV��:H
WKHQ� SURYLGH� JXLGDQFH� IRU� FKRRVLQJ� WKH�PRGHOLQJ�PHWKRG� LQ� SUDFWLFH�� VKRZLQJ� WKDW
FURVV�YDOLGDWLRQ�LV�DEOH�WR�SLFN�WKH�EHVW�PRGHOLQJ�PHWKRG�PRVW�RI�WKH�WLPH��RU�DW�OHDVW
VHOHFW�D�PHWKRG�WKDW�SHUIRUPV�QRW�PXFK�ZRUVH�WKDQ�WKH�EHVW�PHWKRG�

2XU� GHYHORSHG� PHWKRGRORJ\� DQG� DOJRULWKPV� DOORZ� IRU� HVWLPDWLRQ� XVLQJ� WKH
SURSRVHG� IRUHVWV� IRU� �OHIW�WUXQFDWHG�� ULJKW�FHQVRUHG� GDWD� ZLWK� WLPH�LQYDULDQW
FRYDULDWHV�� 7KH� VDPH� GDWD�GULYHQ� JXLGDQFH� IRU� WXQLQJ� WKH� SDUDPHWHUV� RU� VHOHFWLQJ� D
PRGHOLQJ� PHWKRG� DOVR� DSSOLHV� WR� WKH� WLPH�LQYDULDQW� FRYDULDWHV� FDVH� �IRU� ERWK� OHIW�
WUXQFDWHG� ULJKW�FHQVRUHG� VXUYLYDO� GDWD� DQG� ULJKW�FHQVRUHG� VXUYLYDO� GDWD��� ZKLFK
LPSOLHV� LWV�EURDG�HIIHFWLYHQHVV� UHJDUGOHVV�RI�DGGLWLRQDO� OHIW�WUXQFDWLRQ�DQG�UHJDUGOHVV
RI�WKH�SUHVHQFH�RI�WLPH�YDU\LQJ�HIIHFWV�

'HFODUDWLRQ�RI�FRQÁLFWLQJ�LQWHUHVWV

7KH�DXWKRU�V��GHFODUHG�QR�SRWHQWLDO�FRQÁLFWV�RI�LQWHUHVW�ZLWK�UHVSHFW�WR�WKH�UHVHDUFK��DXWKRUVKLS�
DQG�RU�SXEOLFDWLRQ�RI�WKLV�DUWLFOH�

)XQGLQJ

7KH�DXWKRU�V�� UHFHLYHG�QR�ÀQDQFLDO�VXSSRUW� IRU� WKH�UHVHDUFK��DXWKRUVKLS��DQG�RU�SXEOLFDWLRQ�RI
WKLV�DUWLFOH�

25&,'�L'V

:HLFKL�<DR� KWWSV���RUFLG�RUJ��������������������

'HQLV�/DURFTXH� KWWSV���RUFLG�RUJ��������������������

1RWHV
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&RGH
DYDLODELOLW\

5� VFULSWV� IRU� UHSURGXFLELOLW\� RI� WKH� VLPXODWLRQV� DQG� UHDO� GDWDVHW� LOOXVWUDWLYH
H[DPSOH� DQDO\VLV� DUH� DYDLODEOH� IURP� WKH� JLWKXE� UHSRVLWRU\�
KWWSV���JLWKXE�FRP�:HLFKL<DR�7LPH9DU\LQJ'DWDB/75&IRUHVWV�� $Q� 5� SDFNDJH�
/75&IRUHVWV�� ZKLFK� LPSOHPHQWV� &,)�79� DQG� 55)�79� IRU� /75&� GDWD� ZLWK
DSSOLFDWLRQ�WR�WLPH�YDU\LQJ�GDWD��LV�DYDLODEOH�RQ�&5$1�

6XSSOHPHQWDO
PDWHULDO

6XSSOHPHQWDO�PDWHULDO�IRU�WKLV�DUWLFOH�LV�DYDLODEOH�RQOLQH�

5HIHUHQFHV

�� &URZOH\�-��+X�0��&RYDULDQFH�DQDO\VLV�RI�KHDUW� WUDQVSODQW�VXUYLYDO�GDWD��-�$P�6WDW�$VVRF
������������²���

�� 7VLDWLV� $$�� 'H*UXWWROD� 9�� :XOIVRKQ� 06�� 0RGHOLQJ� WKH� UHODWLRQVKLS� RI� VXUYLYDO� WR
ORQJLWXGLQDO�GDWD�PHDVXUHG�ZLWK�HUURU��-�$P�6WDW�$VVRF�������������²���

�� &R[�'5��5HJUHVVLRQ�PRGHOV�DQG�OLIH�WDEOHV��-�5�6WDW�6RF��6HU�%��������������²����

�� $QGHUVHQ� 3.�� *LOO� 5'�� &R[·V� UHJUHVVLRQ� PRGHO� IRU� FRXQWLQJ� SURFHVVHV�� D� ODUJH� VDPSOH
VWXG\��$QQ�6WDW���������������²�����

�� 5L]RSRXORV�'��-RLQW�0RGHOV�IRU�/RQJLWXGLQDO�DQG�7LPH�WR�(YHQW�'DWD�:LWK�$SSOLFDWLRQV�LQ
5��%RFD�5DWRQ��)/��86$��&5&�3UHVV�������

�� /H%ODQF�0��&URZOH\�-��5HODWLYH�ULVN�WUHHV�IRU�FHQVRUHG�VXUYLYDO�GDWD��%LRPHWULFV����������
���²����

�� +RWKRUQ�7��+RUQLN�.��=HLOHLV�$��8QELDVHG� UHFXUVLYH�SDUWLWLRQLQJ�� D� FRQGLWLRQDO� LQIHUHQFH
IUDPHZRUN��-�&RPSXW�*UDSK�6WDW��������������²����

�� )X� :�� 6LPRQRII� -6�� 6XUYLYDO� WUHHV� IRU� OHIW�WUXQFDWHG� DQG� ULJKW�FHQVRUHG� GDWD�� ZLWK
DSSOLFDWLRQ�WR�WLPH�YDU\LQJ�FRYDULDWH�GDWD��%LRVWDWLVWLFV��������������²����

�� +RWKRUQ� 7�� =HLOHLV� $�� 3UHGLFWLYH� GLVWULEXWLRQ� PRGHOLQJ� XVLQJ� WUDQVIRUPDWLRQ� IRUHVWV�� -
&RPSXW�*UDSK�6WDW���������������²�����

��� 6XQ�<��&KLRX�6+��:DQJ�0&��52&�JXLGHG�VXUYLYDO�WUHHV�DQG�HQVHPEOHV��%LRPHWULFV������
��������²�����

��� :RQJYLEXOVLQ� 6�� :X� .&�� =HJHU� 6/�� &OLQLFDO� ULVN� SUHGLFWLRQ� ZLWK� UDQGRP� IRUHVWV� IRU
VXUYLYDO��ORQJLWXGLQDO��DQG�PXOWLYDULDWH��5)�6/$0��GDWD�DQDO\VLV��%0&�0HG�5HV�0HWKRGRO
���������������&URVVUHI�

��� %RX�+DPDG� ,�� /DURFTXH�'��%HQ�$PHXU�+��'LVFUHWH�WLPH� VXUYLYDO� WUHHV� DQG� IRUHVWV�ZLWK
WLPH�YDU\LQJ�FRYDULDWHV��DSSOLFDWLRQ�WR�EDQNUXSWF\�GDWD��6WDW�0RGHOOLQJ��������������²����

��� 6FKPLG�0��:HOFKRZVNL�7��:ULJKW�01�HW�DO��'LVFUHWH�WLPH�VXUYLYDO�IRUHVWV�ZLWK�KHOOLQJHU
GLVWDQFH�GHFLVLRQ�WUHHV��'DWD�0LQ�.QRZO�'LVFRY��������������²����
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��� .UHWRZVND� 0�� 2EOLTXH� VXUYLYDO� WUHHV� LQ� GLVFUHWH� HYHQW� WLPH� DQDO\VLV�� ,(((� -� %LRPHG
+HDOWK�,QIRUP��������������²����

��� 3XWK� 07�� 7XW]� *�� +HLP� 1� HW� DO�� 7UHH�EDVHG� PRGHOLQJ� RI� WLPH�YDU\LQJ� FRHIÀFLHQWV� LQ
GLVFUHWH�WLPH�WR�HYHQW�PRGHOV��/LIHWLPH�'DWD�$QDO��������������²����

��� 0RUDGLDQ� +�� <DR� :�� /DURFTXH� '� HW� DO�� '\QDPLF� HVWLPDWLRQ� ZLWK� UDQGRP� IRUHVWV� IRU
GLVFUHWH�WLPH�VXUYLYDO�GDWD��&DQDGLDQ�-�6WDW��������������²����

��� %UHLPDQ�/��5DQGRP�IRUHVWV��0DFK�/HDUQ������������²���

��� ,VKZDUDQ�+��%ODFNVWRQH�(+��3RWKLHU�&� HW� DO��5HODWLYH� ULVN� IRUHVWV� IRU� H[HUFLVH� KHDUW� UDWH
UHFRYHU\�DV�D�SUHGLFWRU�RI�PRUWDOLW\��-�$P�6WDW�$VVRF��������������²����

��� ,VKZDUDQ� +�� .RJDOXU� 8%�� %ODFNVWRQH� (+� HW� DO�� 5DQGRP� VXUYLYDO� IRUHVW��$QQ� $SSO� 6WDW
������������²����

��� +RWKRUQ�7��%�KOPDQQ�3��'XGRLW� 6� HW� DO�� 6XUYLYDO� HQVHPEOHV��%LRVWDWLVWLFV� ������ ��� ���²
����

��� *URVV� 67�� /DL� 7/�� 1RQSDUDPHWULF� HVWLPDWLRQ� DQG� UHJUHVVLRQ� DQDO\VLV� ZLWK� OHIW�WUXQFDWHG
DQG�ULJKWFHQVRUHG�GDWD��-�$P�6WDW�$VVRF���������������²�����

��� 7VDL� :<�� -HZHOO� 13�� :DQJ� 0&�� $� QRWH� RQ� WKH� SURGXFW�OLPLW� HVWLPDWRU� XQGHU� ULJKW
FHQVRULQJ�DQG�OHIW�WUXQFDWLRQ��%LRPHWULND��������������²����

��� %UHLPDQ� /�� )ULHGPDQ� -+�� 2OVKHQ� 5$� HW� DO�� &ODVVLÀFDWLRQ� DQG� 5HJUHVVLRQ� 7UHHV�
:DGVZRUWK��%HOPRQW��&DOLIRUQLD��7D\ORU�	�)UDQFLV�������

��� +RWKRUQ�7�� 6HLEROG�+��=HLOHLV�$��SDUW\NLW�� $� WRRONLW�ZLWK� LQIUDVWUXFWXUH� IRU� UHSUHVHQWLQJ�
VXPPDUL]LQJ��DQG�YLVXDOL]LQJ�WUHH�VWUXFWXUHG�UHJUHVVLRQ�DQG�FODVVLÀFDWLRQ�PRGHOV��������5
SDFNDJH�YHUVLRQ�������

��� ,VKZDUDQ� +�� .RJDOXU� 8%�� )DVW� XQLÀHG� UDQGRP� IRUHVWV� IRU� VXUYLYDO�� UHJUHVVLRQ�� DQG
FODVVLÀFDWLRQ��5)�65&���������/5�SDFNDJH�YHUVLRQ�������

��� %DFFKHWWL� 3�� 6HJDO� 05�� 6XUYLYDO� WUHHV� ZLWK� WLPH�GHSHQGHQW� FRYDULDWHV�� DSSOLFDWLRQ� WR
HVWLPDWLQJ�FKDQJHV�LQ�WKH�LQFXEDWLRQ�SHULRG�RI�$,'6��/LIHWLPH�'DWD�$QDO������������²���

��� +RWKRUQ�7��WUWI��7UDQVIRUPDWLRQ�WUHHV�DQG�IRUHVWV��������5�SDFNDJH�YHUVLRQ�������

��� %UHLPDQ�/��&XWOHU�$��/LDZ�$�HW�DO��UDQGRP)RUHVW��%UHLPDQ�DQG�&XWOHU·V�UDQGRP�IRUHVWV
IRU�FODVVLÀFDWLRQ�DQG�UHJUHVVLRQ���������5�SDFNDJH�YHUVLRQ��������

��� +DVWLH�7��7LEVKLUDQL�5��)ULHGPDQ�-��7KH�(OHPHQWV�RI�6WDWLVWLFDO�/HDUQLQJ��1HZ�<RUN��1<�
86$��6SULQJHU�6HULHV�LQ�6WDWLVWLFV�6SULQJHU�1HZ�<RUN�,QF��������

��� <DR�:��)U\GPDQ�+��6LPRQRII�-6��$Q�HQVHPEOH�PHWKRG�IRU�LQWHUYDO�FHQVRUHG�WLPH�WR�HYHQW
GDWD��%LRVWDWLVWLFV��������������²����

��� *UDI� (�� 6FKPRRU� &�� 6DXHUEUHL� :� HW� DO�� $VVHVVPHQW� DQG� FRPSDULVRQ� RI� SURJQRVWLF
FODVVLÀFDWLRQ�VFKHPHV�IRU�VXUYLYDO�GDWD��6WDW�0HG���������������²�����
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��� 7KHUQHDX�70��/XPOH\�7��(OL]DEHWK�$�HW�DO��VXUYLYDO��6XUYLYDO�DQDO\VLV��������5�SDFNDJH
YHUVLRQ��������

��� $XVWLQ� 3&��*HQHUDWLQJ� VXUYLYDO� WLPHV� WR� VLPXODWH�&R[� SURSRUWLRQDO� KD]DUGV�PRGHOV�ZLWK
WLPH�YDU\LQJ�FRYDULDWHV��6WDW�0HG���������������²�����

��� *HUGV�7$��6FKXPDFKHU�0��(IURQ�W\SH�PHDVXUHV�RI�SUHGLFWLRQ�HUURU� IRU� VXUYLYDO�DQDO\VLV�
%LRPHWULFV���������������²�����

��� 'LFNVRQ� (5�� *UDPEVFK� 30�� )OHPLQJ� 75� HW� DO�� 3URJQRVLV� LQ� SULPDU\� ELOLDU\� FLUUKRVLV�
PRGHO�IRU�GHFLVLRQ�PDNLQJ��+HSDWRORJ\������������²��

��� 0XUWDXJK� 3$��'LFNVRQ� (5�� YDQ�'DP�*0� HW� DO�� 3ULPDU\� ELOLDU\� FLUUKRVLV�� SUHGLFWLRQ� RI
VKRUW�WHUP�VXUYLYDO�EDVHG�RQ�UHSHDWHG�SDWLHQW�YLVLWV��+HSDWRORJ\��������������²����

��� %DUEHU�-6��0XUSK\�6$��9HUELWVN\�1��$GMXVWLQJ� IRU� WLPH�YDU\LQJ�FRQIRXQGLQJ� LQ�VXUYLYDO
DQDO\VLV��6RFLRO�0HWKRGRO��������������²����

��� 5RELQV�-0��+HUQiQ�0$��%UXPEDFN�%��0DUJLQDO�VWUXFWXUDO�PRGHOV�DQG�FDXVDO�LQIHUHQFH�LQ
HSLGHPLRORJ��(SLGHPLRORJ\��������������²����

��� +X�/��/L�)��-L�-�HW�DO��(VWLPDWLQJ�WKH�FDXVDO�HIIHFWV�RI�PXOWLSOH�LQWHUPLWWHQW�WUHDWPHQWV�ZLWK
DSSOLFDWLRQ�WR�&29,'�����������DU;LY�����������Y��

��� /H%ODQF�0��&URZOH\�-��6XUYLYDO�WUHHV�E\�JRRGQHVV�RI�VSOLW��-�$P�6WDW�$VVRF��������������²
����

��� 6HJDO�05��5HJUHVVLRQ�WUHHV�IRU�FHQVRUHG�GDWD��%LRPHWULFV�������������²���

��� +RWKRUQ� 7�� /DXVHQ� %�� 2Q� WKH� H[DFW� GLVWULEXWLRQ� RI� PD[LPDOO\� VHOHFWHG� UDQN� VWDWLVWLFV�
&RPSXW�6WDW�'DWD�$QDO������������²����

$SSHQGL[

$��'\QDPLFDOO\�DGMXVWHG�VXUYLYDO�IXQFWLRQ�IRU�WKH�K\SRWKHWLFDO�&29,'����H[DPSOH

7KH�WLPH�WR�HYHQW�LV�WKH�WLPH�WR�D�SRVLWLYH�&29,'�WHVW��7KHUH�LV�D�WLPH�YDU\LQJ�FRYDULDWH��
��ZKLFK� GHVFULEHV� WKH� YDFFLQDWLRQ� VWDWXV� RI� D� VXEMHFW�ZLWK� YDOXHV� LQ� �ZKHUH�
XQYDFFLQDWHG�� �YDFFLQDWHG�ZLWK�D�VLQJOH�GRVH�DQG� �YDFFLQDWHG�ZLWK�WZR�GRVHV��DQG�
YDFFLQDWHG�ZLWK� WZR� GRVHV� DQG� D� ERRVWHU�� 7KH� FRYDULDWH�PD\� FKDQJH� YDOXHV� DW� GLVFUHWH� WLPH
SRLQWV��LQ�WKLV�H[DPSOH�DW�WLPHV� �DQG� �

:H� FRQVWUXFW� WKH� K\SRWKHWLFDO� WUHH� IRU�&29,'�SURJUHVVLRQ�� VHH�)LJXUH¬���$W� WLPH� �
WKHUH� LV�D�VDPSOH�RI� �XQYDFFLQDWHG�DQG�&29,'�IUHH� VXEMHFWV�DW� WKH� URRW�RI� WKH� WUHH�
WKDW� LV�� HYHU\� VXEMHFW� KDV� �� 7KXV�� WKH� HVWLPDWHG� VXUYLYDO� IXQFWLRQ� DW� WLPH� ��

��(DFK�RI�WKH�EUDQFKHV�RQ�WKH�WUHH�DUH�ODEHOHG� �� ��HWF��7KH�LQLWLDO�EUDQFK�LV� ��LW
UHSUHVHQWV�D�VXEMHFW�QRW�YDFFLQDWHG�LQ�WKH�WLPH�LQWHUYDO� ��6LPLODUO\��EUDQFK� �UHSUHVHQWV�D
VXEMHFW� XQYDFFLQDWHG� RYHU� WKH� WLPH� LQWHUYDO� �� EUDQFK� �� D� VXEMHFW� YDFFLQDWHG� ZLWK� DW
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VLQJOH�GRVH�DW�WLPH� �� ��D�VXEMHFW�YDFFLQDWHG�ZLWK�D�VLQJOH�GRVH�DW�WLPH� �DQG�QRW
UHFHLYLQJ� VHFRQG� GRVH� DW� WLPH� �� HWF�� )RU� VLPSOLFLW\�� ZH� ZLOO� DVVXPH� WKDW� WKHUH� LV� QR
FHQVRULQJ�

$W�WLPH� �� WKHUH�DUH�ÀYH�VXEMHFWV� LQIHFWHG�ZLWK�&29,'�DQG����&29,'�IUHH��+HQFH�� WKH
HVWLPDWHG�VXUYLYDO�IXQFWLRQ�DW�WLPH� �LV

2I�WKH����&29,'�IUHH�VXEMHFWV�DW�WLPH� �����JHW�WKHLU�ÀUVW�GRVH�RI�YDFFLQH�DQG����UHPDLQ
XQYDFFLQDWHG��$W� WLPH� � RI� WKH� ��� XQYDFFLQDWHG� VXEMHFWV�� ��� DUH�&29,'�IUHH� DQG� RI� ��
VXEMHFWV� ZKR� UHFHLYHG� D� VLQJOH� YDFFLQH�� ��� DUH� &29,'�IUHH�� 7KXV�� WKH� HVWLPDWHG� VXUYLYDO
IXQFWLRQ�DW�WLPH� �RQ� � �LV

)LJXUH¬���7KH�K\SRWKHWLFDO� WUHH�IRU�&29,'�SURJUHVVLRQ�GXULQJ� ��7KH�WUHH�QRGHV�DUH�VKRZQ�DV
RYDOV�ZLWK�YDOXHV� LQGLFDWLQJ�WKH�QXPEHU�RI�VXEMHFWV� LQ� WKH�FRUUHVSRQGLQJ�JURXS��'DUNHU�QRGHV�VWDQG
IRU�WKH�JURXSV�RI�VXEMHFWV�LQIHFWHG�ZLWK�&29,'��DQG�WKH�OLJKWHU�RQHV�IRU�&29,'�IUHH��$W�WLPH� �� �
DQG� ��WKH�XSGDWHG�YDFFLQDWLRQ�VWDWXV� �DUH�VKRZQ�LQ�WKH�VTXDUHV�DORQJVLGH�ZLWK�WKH�QRGHV��(DFK
RI� WKH� VHYHQ� JUD\� VKDGHG� DUHDV� FRUUHVSRQGV� WR� WKH� JURXS� ZLWK� D� GLIIHUHQW� YDFFLQDWLRQ� VWDWXV�� )RU
H[DPSOH�� WKH� � DUHD� LQGLFDWHV� WKH� JURXS� XQYDFFLQDWHG� LQ� WLPH� LQWHUYDO� �� � WKH� JURXS
YDFFLQDWHG�DW� WLPH� ��DQG� � WKH�JURXS�YDFFLQDWHG�DW� WLPHV� �DQG� ��6LPLODU� LQWHUSUHWDWLRQV
KROG�IRU�WKH�RWKHU�JUD\�DUHDV�
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DQG�RQ� �LV

2I�WKH����&29,'�IUHH�YDFFLQDWHG�VXEMHFWV�DW�WLPH� �����UHFHLYH�WKH�VHFRQG�GRVH�RI�YDFFLQH�DW
WLPH� �DQG� �GR�QRW��2I�WKRVH��������DUH�&29,'�IUHH�DW�WLPH� ��7KXV��WKH�HVWLPDWHG
VXUYLYDO�SUREDELOLW\�DW� �IRU�WKLV�JURXS�LV

)RU� WKH�JURXS�RI� WKUHH�VXEMHFWV�ZLWK�QR�VHFRQG�YDFFLQH�DW� WLPH� �� WKH�HVWLPDWHG�VXUYLYDO
SUREDELOLW\�DW�WLPH� �LV�ORZHU�

$W� WLPH� �� RI� WKH� ��� XQYDFFLQDWHG� &29,'�IUHH� VXEMHFWV�� ��� UHFHLYH� WKHLU� ÀUVW� GRVH� RI
YDFFLQH�DQG�HLJKW�GR�QRW��2I� WKRVH����VXEMHFWV��QLQH�DUH�&29,'�IUHH�DW� WLPH� ��)RU� WKLV
JURXS��ZKLFK�JHWV�D�VLQJOH�YDFFLQH�DW�WLPH� ��WKH�HVWLPDWHG�VXUYLYDO�SUREDELOLW\�DW� �LV

ZKLFK�KDSSHQV�LQ�WKLV�H[DPSOH�WR�EH�WKH�VDPH�DV�WKH�HVWLPDWHG�VXUYLYDO�SUREDELOLW\�RI�WKH�JURXS
WKDW�JRW�WKH�VLQJOH�YDFFLQH�DW�WLPH� �

)LQDOO\�� IRU� WKH� QRQ�YDFFLQDWHG� JURXS� � ��� WKH� HVWLPDWHG� VXUYLYDO� SUREDELOLW\� DW� WLPH�
�LV�WKH�ORZHVW�

7KH�VXEMHFWV�ZKR�GLG�RU�GLG�QRW�UHFHLYH�D�ERRVWHU�DW�WKH�QH[W�WLPH�SHULRG�ZRXOG�EH�KDQGOHG�LQ�D
VLPLODU�ZD\�

%��'HULYDWLRQ�RI�WKH�VXUYLYDO�HVWLPDWH
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5HFDOO�WKDW�E\�GHÀQLWLRQ�RI�VXUYLYDO�IXQFWLRQV�� ��$W�JLYHQ
WLPH� �� QRWH� WKDW� �� ZH
DSSO\�WKH�FRQGLWLRQDO�SUREDELOLW\�DQG�REWDLQ

����

,Q�FRQVWUXFWLQJ�WKH�VXUYLYDO�IXQFWLRQ�HVWLPDWH��ZH�DVVXPH�WKDW�WKH�KD]DUG�DW�WLPH� �LV�D�IXQFWLRQ
RQO\�RI�WKH�FXUUHQW�FRYDULDWH�YDOXHV�DW�WLPH� ��EXW�WKHVH�FRYDULDWHV�FDQ�LQFOXGH�ODJJHG�YDOXHV�RI
VRPH�FRYDULDWHV���7KLV�DOORZV�XV� WR�FRQVWUXFW� WKH�HVWLPDWH�DW� WLPH� �XVLQJ�DQ\�VXEMHFWV� LQ� WKH
SRSXODWLRQ� ZLWK� WKH� VSHFLÀHG� YDOXH� DW� WKDW� SUHFLVH� WLPH� SRLQW�� WKDW� LV�� ZH� HVWLPDWH�

�E\�FRPSXWLQJ

ZKHUH�ERWK�WKH�QXPHUDWRU�DQG�WKH�GHQRPLQDWRU�DUH�WKH�YDOXHV�RI�WKH�HVWLPDWHG�VXUYLYDO�IXQFWLRQ
LQ�WKH�K\SRWKHWLFDO�FDVH�ZLWK�WKH�FRYDULDWH� �DW� �DQG� �� UHVSHFWLYHO\��7KH�ULVN�VHWV� WKDW�DUH
XVHG� WR� FRPSXWH� WKHVH� WZR� TXDQWLWLHV� FRQVLGHU� DOO� VXEMHFWV� ZLWK� FRYDULDWH� YDOXHV� � DW� �
UHJDUGOHVV� RI� WKHLU� FRYDULDWH� SDWKV� EHIRUH� �� 1RWH� WKDW� WKLV� K\SRWKHWLFDO� HVWLPDWHG� VXUYLYDO
IXQFWLRQ�LV�LQ�IDFW�WKH�RXWSXW�RI�WKH�DOJRULWKP�IRU�WKH�LQSXW�ZLWK�FRYDULDWH�YDOXH� �

7KHUHIRUH��E\�VXEVWLWXWLQJ� ��ZH�FDQ�WKHQ�DSSUR[LPDWH������DV

ZKLFK�JLYHV�XV�WKH�IRUPXOD�LQ�����


